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1 Single Equation Linear Models

1.1 The Model

In the study of economics, we are frequently interested in the relationships between two sets of
variables {y;}1*; and {x;}?" ;. Often, these variables are non-deterministic in nature. Therefore,
we usually treat them as (real) random variables or vectors on some probability space (2, F,P).!
A random variable or a random vector is a measurable function from the sample space € to R or
RE.

Suppose the relationship is given by a linear form as

yi = ;8 + & (1.1)
where y; is a random variable, z; = (z;1,%i2,...,2;)" is a k-dimensional random vector, 8 =
(81, B2, ..., Bk) is a fixed k-dimensional vector, called the parameter (or the regression coefficient),

that represents the nature of this relationship, and ¢;, called the “error term”, is a random variable
that represents the “mismatched” part. We usually call y; the dependent variable, the response
variable, or the regressand and call x; respectively the independent variable(s), the response vari-
able(s), or the regressor(s). Our goal is to use the data to learn about the relationship 3, but what
does (8 stand for?

We may always write y; = 28° + 7 where ° is any vector different from 3 and €° defined as
e+ a'(B — B°) is the new “error term”. Note that the new model and the old model are exactly in
the same form! Without restrictions on the error term, we won’t be able to have a clear meaning
or interpretation of the coefficient S.

If we impose the restriction that E(e;|z;) = 0 for all ¢, then

_ OE(yi|z)
. OE(yil)
o Yi|ZTq C_
B; = Doy i=12... k.

That is, ; is the marginal change in the conditional expectation of y; when the j-th component of
x; increases by one unit, holding the other components of x; constant. In econometric terms, we
say that §; is the partial effect of x;; on E(y;|x;), or simply the partial effect of x;; on y;.

The above discussion indicates that when we talk about an econometric model, for example, a
linear model as discussed above, we not only mean the linear form of the relationship y; = 28 +¢;,
but also the restrictions such as E(g;|z;) = 0 that we impose on the relationship. This restriction

gives us the meaning of the “relationship” (3, and is as essential as the form of the model.

9© 2017-2021 by Bo Hu. All rights reserved.

In this series of notes, if not mentioned otherwise, all random variables and random vectors are real. For details
of the concept of probability spaces, measurable functions and the axiomatic foundations of probability theory, see
Billingsley (1995, Chapter 1 and 2) or Shiryaev (1989, Chapter 2).



1.2 Identification

A fundamental question is whether such 3 is learnable at all, or in econometric terms, identifiable.
To give a general definition of identification, suppose a data generating system is governed by a
set of parameters § and generates data {z;}]" ,, whose joint distribution is denoted by P, (). If
the mapping 0 — P,(0) is invertible for some n, we say that € is identifiable. In plain words,
identification means that we cannot find two different sets of parameter values that generate data
with the same joint distribution.

When 0 is identifiable, the inverse of the mapping 6 — P, (0) is necessarily a function of the
joint distribution, and therefore, a function of the data {z;}" ;. If we denote this function by
gn(21,+++ , 2n), then we say that 6 is identified by 0 = g, (21, - ,2,). Back to the linear model,
when we say that the regression coefficient g is identified, we mean that § can be written as a
function of some properties of the data {(z;,vi)};.

In this chapter we only focus on the situation where the data (x;,y;) are independent and
identically distributed (iid). Our results here can be generalized to the case in which {(z;, v;)}"
is not independent and identically distributed. We introduce corresponding tools in Chapter 2.

In this chapter we make the following assumptions.

Assumption 1.1. Ey? < oo and E ||z;||> < co where |-|| denotes the Euclidean norm defined by

l(a,as,. i)l = /o + a3+ +af.

Assumption 1.2. rank(Exz;z) = k.
Assumption 1.3. Ex;s; = 0.

Note that by Assumption 1.1, the expectation terms in Assumption 1.2 and 1.3 are well defined.
If Ec = 0, Assumption 1.3 is equivalent to that Cov(z;,e;) = 0. And it is obvious from (1.1) that

as long as = contains the constant regressor, we may always assume that Ee; = 0.
Theorem 1.1. Suppose Assumptions 1.1 - 1.3 hold, then B is identified.
Proof. Pre-multiply every term in (1.1) by x; and take expectation. By Assumption 1.3, we have
From Assumption 1.2 it follows that
B = (Exixg)_l Ex;y.
|

We jump ahead a little bit here by noting that the set of all random variables with finite second

moments forms a Hilbert space?, which may be thought of as a infinite dimensional generalization

2The relevant concepts will be introduced in Chapter 3.



of Euclidean spaces. Each random variable should be viewed as a vector in this space. The “dot
product” of two random variables w; and wsq is defined to be Ew;ws, and the two random variables

are “orthogonal” if Ewjws = 0. Write
T8 = x| (Exix;)_l Ez;y; = (Ey;x}) (Ewiw;)_l x; := Py, (1.2)

then P, can be interpreted as the orthogonal projection of the regressand y; onto the subspace

spanned by the k regressors in x;.

1.3 Estimation

The ordinary least square estimation and the maximum likelihood estimations are frequently used

to estimate linear models.

1.3.1 The Ordinary Least Squares Estimation

The ordinary least squares (OLS) estimator Sorg for the coefficient 8 in the model (1.1) is defined
by:

n

. 1
BorLs = argmin - > (i — 2iB)?, (1.3)

=1

which yields
n -1 n n -1 n
. 1 1
Bors = (Z xz«%) > miyi = <n ZSCM;) (n Z«Wﬁ) : (1.4)
i=1 i=1 i=1 i=1

Note that under Assumption 1.2, the probability that % Yo ) is invertible converges to 1. This
is because by the weak law of large numbers %Z?:l z;x; —p Bz}, and the continuous mapping
theorem implies that det(% Yo i) —p det(Ex;z)). By definition of convergence in probability,
P (|det (L0 22)) — det (Eza')| <€) — 1 for any € > 0. Our result then follows by choosing
€ < |det(Exzz’)|. The second order sufficient condition for minimization holds under Assumption 1.2:
the Hessian of the objective function %2?21 x;x} is positive definite with probability approaching
to 1. This follows by a similar argument as above, in which the continuous mapping theorem
is applied to the eigenvalues of a matrix. Note that Exz;z} is always positive semi-definite as a
quadratic form and the full rank condition implies that it is in fact positive definite.

It is obvious that BOLS defined above is also the sample analogue estimator, or the method of
moment estimator for S. It should be pointed out that by denoting the estimator as BO LS, We
have suppressed the dependence of the estimator on the sample size n. In the following asymptotic
analysis, the results are obtained for n — oc.

The next theorem establishes the consistency and asymptotic normality of the OLS estimator
BAOLS. An estimator is consistent if for any true value of 3, the estimator converges to the true
value in probability if the sample size n goes to infinity. An estimator is asymptotically normal if

it converges in distribution to a normal random variable or vector after appropriate scaling.



Assumption 1.4. Ey! < oo, E |l z]|* < oo.

Theorem 1.2. Under Assumption 1.1 - 1.3, BOLS is consistent. If Assumption 1.4 also holds,
then

\/ﬁ (BOLS - 6) —d N (07 V) )
where
V= (Exixfi)fl (Eeiz;x}) (E:Uix;)fl .
Proof. Since
1 & AR
Pors — B = (n ) $i$2> (n > x,-ei) : (1.5)
i=1 i=1
consistency follows from that
1 n
- Z z;x;, —p Bz
i=1

and that

1 n
— E Ti€; —7p Ex;e; = 0.
n

=1

If in addition that Assumption 1.4 holds, then Ec?zz’ < co. The asymptotic normality follows

immediately from the central limit theorem that

1 n
— Ti€; —d N(O,E€2$$/)
o9

and the Slutsky’s theorem. |

It is natural to estimate the asymptotic variance V of v/n(Bors — 3) by

1 <& AR 1 <& -
=1 =1 =1

where é; = y; — x;ﬁOLS is the residual. The estimator for the asymptotic variance is called the
heteroskedasticity-consistent estimator by White (1980). Andrews (1991) further considers the case
in which €; is not independent and studies the heteroskedasticity and autocorrelation consistent
(HAC) estimation of variance matrix of parameter estimators. We shall encounter such estimators

in Chapter 2 once we introduced concepts to handle dependence.

Theorem 1.3. Under Assumption 1.1 - 1./,

V—=p V.



Proof. Write

1 ¢ 1 2 o 1
- ) . . .
o 2uC Tiw; = - E €Tt — - E eiri(Bors — B)wix; + - E (Bors — B) zixi(BoLs — B)wix;.
=1 i=1 =1 =1

Under Assumption 1.4, we have that £ 37 | |&;| |#]|> = Op(1) and that IS 2 ]|* = 0,(1).
Since Bors — 8 = op(1), we have that

1< 1<
— E E2riah = = E 2wl + op(1) =, Ee?za.
n n

i=1 i=1

Consistency of V then follows immediately. |

Write 8 = (31,32, e ,Bk)’ and let ij be the (7, 7)-th entry of V. We define the asymptotic

standard error of Bj by
s.e.(B;) = \/Vi;/n.

The variance o2 of the error term &; could be estimated as the sample variance of the OLS

n
. 1 .
Pl
n“
=1

Using similar techniques as in the proof of Theorem 1.3, we may easily show that under Assumption
1.1-1.4, 6% —, 0%

In the case of homoskedasticity, i.e., when E(e?|z;) = 02, the variance matrix V in the asymp-

residuals:

totic distribution reduces to o (Eacixg)_l, and we may estimate V by
1 & 1 & o
Y A2
7o <n Z) <nzm) |
=1 1=1
If the true data process is heteroskedastic, but we treat it as homoskedastic and use V instead

of V to estimate the variance matrix V', then the estimation of V' is not consistent, and inferences
based on this estimator would be incorrect.

1.3.2 Projection Interpretation of the OLS Estimation

If we write

Y1 xy €1
/
Y2 T €2
y=1|_ 1|, X= .2 , and e=| |,
Yn x;l En
then we may write (1.1) as
y=Xp+e,



and (1.4) as
Then we have that

and
E=y—9g=U-Px)y

where Px = X (X’X)~! X' is the orthogonal projection in R” onto the subspace R(X) spanned by
the column vectors of X. Note that I — Px is the orthogonal projection onto the subspace R(X)*.
That is, I — Px is the orthogonal projection onto the subspace that is orthogonal to R(X).

We may partition the model (1.1) as

Yi = T B1 + w92 + &

where x; = (x}y,2},)" and g = (81, 85)". If we write X; as the matrix whose rows are z};, and Xo

as the matrix whose rows are x,, then we may write the model as
y=Xi101+Xof2+€

and the fitted model as
y=X 151+ Xofo+€

where Borg = (Bi, 35)" is partitioned accordingly. Pre-multiply both sides by I — Px,, and notice
that é € R(X)* c R(X>2)*, we have that

(I - Px,)y = (I — Px,) X151 +é.
Also é € R(X)+ € R(X1)*, then
X{(I - Px,)y = X{(I — Px,) X151

This implies that
-1
= (X1 - Px)X0 ) X P

or equivalently,
-1

n n n -1 5
no_ / / ! /
B = E L1y — E L3159 E L52T ;9 E Ti2X;q
i=1 =1 =1 i=1

(1.6)

n n n -1 5
/ /
L4 g xilyi_g Ti1%s9 g Ti2%;9 E Zi2Y;
i=1 i=1 i=1 i=1



Note that this is the sample analogue estimator of

-1
(E[wu(f - ngnxai]) Efe1i(I — Py )yl

where P, is the orthogonal projection (in the Hilbert space of all random variables with finite

second moments) onto the subspace spanned by random variables in x;;,j = 1, 2.

1.3.3 Constrained Least Squares

Suppose that we have the constraint RS = r on the parameter S where where R is a ¢ X k matrix
with rank ¢ < k, and r is a g-dimensional vector. We want the estimated 3, denoted by 3, to satisfy
the restriction RS = r. This constrained least squares estimator could be obtained by solving the

following constrained minimization problem

: 1 - ! 2\2
nlﬁln nzzl(yz _1'118)
s.t. RB=r.

One may solve this constrained optimization problem by any numerical method that is appli-
cable. However, since the constraint is linear, it is straightforward to get the analytical solution,
which illuminates the relationship between the constrained least squares estimator ﬁN and the un-

constrained OLS estimator BO g3

Theorem 1.4. Suppose that Assumptions 1.1 and 1.2 hold. Then

1 -1

n -1 n
B = Bors — (Tll ; xzx;) R (R (i ; 9613?2) R (RBOLS - 7“) .

Write A, = (2>, xixg)fl. Then under the constraint RS = r, we have

G-p= [1 — AR (RA,R)™! R] (BOLS - ﬁ) .

It is straightforward to obtain the asymptotic distribution of 8 from Theorem 1.2. Also, we note
here that A, R (RA,R')" R is the non-orthogonal projection onto R(A,R’) along the direction of
R(R)*, and I — A, R (RA,R')"" R is therefore the non-orthogonal projection onto R(R')* along
the direction of R(A,R').

3The Lagrangian can be written as £ = ﬁ Sy — xi8)> — N(RB — r). The first order condition is then given
by 3 @iy — L Y @iaiB — R'A = 0. We first solve for 8 as an expression of R, A and the data through this first
order condition, noting that % S~ ;) is invertible with probability converging to one. We then substitute it into the
constraint RS = r to solve for )\ as an expression of R,r and the data. In the end we substitute the expression for A

back into the first order condition to get the optimal 5.



1.3.4 Maximum Likelihood Estimation

The method of maximum likelihood has been one of the most popular methods in estimation since
the advocacy by Fisher (1922). To state the general idea, let © = {z1,x2,...,z,} be a set of random
variables or random vectors which we believe to be generated from one of a class of models indexed
by the parameter § € ©. The density of a realization z° = {z{, 23, ..., z; } of x is dependent on the
value of # and may be written as fp(x°). The likelihood function L(6;x°) of 6 given the realization
x° is the density fg(z°) viewed as a function of 8. The mazimum likelihood estimator (MLE) of 6
is defined by

OpLE = argmax L(6;x°).
USS]

We may replace the likelihood function £(0; x°;) with the log-likelihood function £(0; 2°) = In L(0; z°;)
in the definition of MLE since the log transformation is strictly increasing.
For the linear model, the likelihood is dependent on the distributional assumptions of the error

term.

Assumption 1.5. ¢; ~ iid N(0,0?), and the distribution of 1,3, ..., z, does not depend on the

parameters 3 and o2,

Let z and w be random variables or vectors. With a little abuse of notation, we use fy(z|w)
to denote the conditional density of observing a realization (2°,w®) of the random element (z,w).
We do similar things to density functions and likelihood functions. That is, although in principle
z and w are random elements, when they appear in density or likelihood functions we treat them
as labels, which represents the realizations of the corresponding random elements.

Under Assumption 1.5 and the model (1.1), the density function of {(z;,y;)}7—, is

f,B,a'Q (y17$17y27x27 cee 7yn7$n) — H fﬂ,o—Q(yi,xi)

I
=
q
M)
—~
<
=T
8
h
S~—
=
Q
M)
~—~
&
\;/

The likelihood, which is viewed as a function of (3, is therefore proportional to the term in the
square bracket in the last line above, and the log-likelihood therefore is

2\ _ n 2 - (yi — iB)?
(p,0*) =C— 5o _ZT’

=1

where C is a constant independent of 3 and o2.
The maximum likelihood estimator is obtained by finding values for 3 and ¢? that maximize

the log-likelihood function. Note that the value of o2 does not affect the choice of the optimal



in this maximization problem. It is quite straightforward to show that B MLE = BO 5. Therefore,
MLE and OLS are equivalent under Assumption 1.5. The results in Theorem 1.2 also hold for
BMLE-

Also, from the maximization problem we have

n

1 . 1 .
otrLE = - > (i —2Bure)’ = - > &
=1

i=1

which is a consistent estimator of 2.
Similarly, in view of the relationship between the OLS objective function and the MLE objective
function, one concludes immediately the ML estimator of 5 under the linear constraint RS = r is

also the same as the OLS estimator under the constraint.

1.3.5 Quasi-Maximum Likelihood Estimation

In our settings above, the OLS estimator of 3 is consistent, regardless of the distribution of the
error term. This implies that even if the distribution of ¢; is not normal, we may still maximize the
“false” normal likelihood function, and the resulting “false” ML estimator for g is still consistent,
since this “false” ML estimator is the same as the OLS estimator.

Estimation based on a likelihood that is different from the true one is called quasi-mazimum
likelihood estimation, or pseudo-mazimum likelihood estimation. Whether the likelihood is the true
one depends on whether the econometric model is correctly-specified. The specification involves
both the form of the model (e.g., whether the relationship between the dependent and independent
variables is linear) and the underlying distributional assumptions (e.g., whether the variables are
jointly normally distributed.)

Usually, if the “false” or “imprecise” likelihood captures the essence of the model, and is not too
far away from the true likelihood, the quasi-maximum likelihood estimator could still be consistent
and asymptotically normal. However, it is less efficient than the maximum likelihood estimator,
meaning that it has a larger variance than the maximum likelihood estimator. See White (1982)

for reference. We shall also return to this issue in a more general setting in Chapter 6.

1.4 Statistical Inferences

Since the OLS and MLE estimator of S is the same in our settings, in this section we denote both

of them by B for the unrestricted estimator.



1.4.1 Student’s t-test

Suppose that we want to test the null hypothesis Hy : 8; = ;o against the alternative Hy : 3; # 5o,

where 3o is a given real number. We define the t-test statistic for Hy by

,_Bi=tn
s..(5;)

The following theorem, which gives the asymptotic distribution of ¢, follows immediately from
Theorem 1.2.

Theorem 1.5. Suppose that Assumptions 1.1 - 1.4 hold. Under Hy,
t —q N(O, 1).

It is known that t-test based on the HAC standard error estimator over rejects when the sample

size is small.*

1.4.2 The Wald Test

Suppose that we want to test the null hypothesis Hy : RS = r against the alternative Hy : R3 # r
where R is a ¢ X k matrix with rank ¢ < k, and r is a ¢-dimensional vector. The Wald test statistic
is defined as .

W = n(RS — 1) (RVR’) (RB — 7).

Theorem 1.6. Suppose that Assumptions 1.1 - 1.4 hold. Under Hy,
W —4 Xg-
Proof. The result follows immediately from that under Hy,
Vi(RB — 1) = vnR(B ~ §) = N(0,RVR).
[

The Wald test could be easily generalized for nonlinear restrictions. See, e.g., Newey and
McFadden (1994, Section 9). Aside from the Wald test, the Lagrange multiplier test and the
likelihood ratio test, which we shall not elaborate on at this moment, are popular asymptotic tests
that have been carefully studied and are frequently used. See Wooldridge (2010, Chapter 12 and
13).

*Hausman and Palmer (2012) states that “it is not uncommon for the actual size of the test to be 0.15 when the
nominal size is the usual 0.05.” For more discussions on this issue and methods (including bootstrap) to obtain the
correct size of the test, see, e.g., Hausman and Palmer (2012) and MacKinnon (2013).
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1.5 Endogeneity and Instrumental Variables Estimation

When Assumption 1.3 fails, that is, when Ex;e; # 0, we say that x; is endogenous. It is obvious from
the proof of Theorem 1.2 that in the presence of endogeneity, the OLS estimator is not consistent
any more. Endogeneity usually arises because of the existence of omitted variables, measurable
errors, and/or simultaneity. For detailed discussions of the three situations, see Wooldridge (2010,
Chapter 4 and 5).

Instrumental variables estimation could be used to treat endogeneity. Suppose that in our model
(1.1) we have that Assumptions 1.1 and 1.2 hold but Assumption 1.3 fails. Suppose as before that
x; has dimension k. Suppose that there exists an [ dimensional iid random vectors {z;} such that

the following assumptions hold:
Assumption 1.6. E | z|? < oo, Ezie; = 0, rank(Ez;z}) = [ and rank(Ez;z}) = k.

Explanatory variables in such z; are called instrument variables (IV), or simply, instruments.
The condition Ez;e; requires that the instruments are not correlated with the error term. The
condition rank(Ez;z}) = k, loosely speaking, requires that the instruments should be correlated
with z;, the endogenous explanatory variables. As one will see soon, this condition is crucial for
identification of 8. Note that for Assumption 1.6 to hold, it is necessary that [ > k. If a explanatory
variable does not correlate with ¢;, that is, if it is not endogenous, then it is obvious that it could
serve as an instrument. Then [ > k requires that besides the exogenous explanatory variables, we
should have at least as many extra instruments as the number of endogenous explanatory variables.

The following theorem establishes the identification of 3.
Theorem 1.7. Suppose that Assumptions 1.1 and 1.6 hold. Then B is identified.

Proof. Let P, be the orthogonal projection in the Hilbert space of finite second moment random
variables onto the space spanned by the random variables in z;. Premultiply both sides of (1.1) by
P.,. Since Ez;e; = 0, by (1.2) we have that
Then S could be identified by
-1
8= (ExZlexé) Ex; P,y

/

; is full rank, and

since the assumptions that Ez;z; and Ez;z, are full rank implies that Ex; P,z

therefore invertible. [}

It is then immediate to propose the IV estimator based on the sample analogue of the above

identifying relationship:

n n -1 n -1 n n -1 n
Brv = (Z a:zz;> (Z zzz{> (Z zwi) (Z a:zz;> (Z zzz{> (Z ziyi> :
=1 =1 i=1 =1 =1 i=1
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Note that the IV estimator could be obtained by the following two-step least square procedure:
1. Run OLS regression of each random variables in « on z. Collect the fitted values (in the
original order) in the vector .
2. Run OLS regression of y on Z.
Similarly as in the proof of Theorem 1.2 and 1.3, it is straightforward to establish the consistency

and asymptotic normality of the IV estimator.

Theorem 1.8. Suppose that Assumptions 1.1 and 1.6 hold, then BIV is consistent. If in addition
Assumption 1.4 holds, then

Vn (BIV - B) —aN(0,A7'BA™Y),

where
A = (Ez2)(Ez2) "1 (Ezz')

and
B = (Ez2')(Ez2') " (B?za’) (Ez2') " (E22').

A and B could be consistently estimated using sample analogue with €; replaced by &;, the IV

estimation residuals.

In practice, it could be difficult to find good instruments. Often, the requirement that the
instruments do not correlate with the error term contradicts with the requirement that the instru-
ments correlate with the endogenous explanatory variables. Even if one can find instruments that
satisfy these requirements, the instruments could be weak in the sense that the correlation between
the endogenous explanatory variables and the instruments is small. Such weak instruments may
lead to large asymptotic variance of the IV estimator, making inference useless (nothing will be sig-
nificant). In that case, one must choose between an inconsistent, but small-variance OLS estimator
and a consistent, but large-variance IV estimator. For more discussion of issues with instrumental
variables estimation, see Wooldridge (2010, p. 107-112).
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2 Weakly Stationary Time Series

Starting from this chapter, we look at samples that are not independent, but are temporally corre-
lated.

2.1 Stationary Time Series

Let (©, F,P) be the underlying probability space.

Definition 2.1. A stochastic process X = (Xi)ier is a collection of random variables or vectors

indexed by t € T'. In time series econometrics, T" usually has the interpretation of a set of time.

If T has a finite or countable number of elements, such as the set of integers, the stochastic
process is said to be in discrete time. If T is some interval of the real line, then the stochastic
process is said to be in continuous time. A series of data from a discrete-time stochastic process
is usually called a time series. In this course, we shall mainly deal with discrete-time stochastic
processes.

We may take a stochastic process X = X (t,w),t € T,w € Q as a function of two arguments.
X(t,-) is simply X, the random variable (vector) at time t. X (-,w) is a sample path, which is the

trajectory of this stochastic process for a particular realization.

Definition 2.2. A time series (X;):cz is said to be strictly stationary if the joint distribution of
(X1, Xty, ..., Xy, ) is the same as the joint distribution of (X, 44, Xeyths ..., Xeo4n) for all k €
Zy,h €Z and tq,...,t; € Z.

The above definition is equivalent to that the joint distribution of (X1, Xs,- -+, Xj) is the same
as the joint distribution of (X414, Xovp, -+, Xgkyp) for all k € Zy and h € Z.

Definition 2.3. For a time series (X;);ez such that Var(X;) < oo for all ¢, define its autocovariance
function (-, -) as
Y(t, s) = Cov(Xy, Xs) = E(X; — EXy)(Xs — EXy).

Definition 2.4. A time series (X;)ez is said to be weakly stationary if for any t,s, h € Z, EX; =
EX,, and ~(t,s) = ~v(t + h,s + h).

Note that the definition of a weakly stationary time series implicitly requires the existence
of the first two moments of the random variables (vectors) in the time series. The value of the
autocovariance function v(t, s) of such a time series depends only on the time difference ¢ — s but
not on the individual values of ¢ and s. Therefore, for a weakly stationary time series, we may

redefine its autocovariance function as a function of the time lag by

y(k) = (K, 0) = E(X; — EX;)(Xy—p — EX;_p)'.

9© 2017-2021 by Bo Hu. All rights reserved.
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It is easy to see that v(—k) = v(k)’, where A" denotes the transpose of A. When X, is a (scalar)
random variable, v(k) = v(—k).
We may also define the autocorrelation functions p(k) of a weakly stationary time series with
autocovariance function (k) by
7ii(0)755(0)
where A;; denotes the (4, j)-th entry if A is a matrix. It is apparent that |p;;(k)| < 1 for all 4, j and
k, pii(0) =1 for all 4, and p(—k) = p(k)’.

Note that neither strict stationarity nor weak stationarity implies each other. A strictly sta-

)

pij(k) =

tionary time series can fail to be weakly stationary if it does not have well defined first or second
moment. However, for a strictly stationary time series with well defined variance (and therefore
mean), it is weakly stationary. On the other hand, it is obvious that weak stationarity does not
imply strict stationarity since weak stationarity does not say anything about moments higher than
the second. However, in the case where the first two moments completely determines the distri-
bution, weak stationarity implies strict stationarity. For example, strict stationary is equivalent to

weak stationary for Gaussian time series.

Definition 2.5. A time series (X;)¢cz is called a Gaussian time series if the joint distribution of

(X4, X4y, ..., Xt ) is normal for any choice of t1,ta,...,t; € Z.

Here we provide a note about the joint normal distributions. If (X7, Xo,..., X%) is jointly
normal, then X; is normal for each i € 1,..., k. However, if each X; is normal, (X1,..., X}) is not
necessarily normal. If the X;’s are mutually independent and each X; is normal, then (X1,..., Xj)
is normal. As a consequence, if (X;)iez is a sequence of independent random variables, and each
X; is normal, then (Xi)iez is a Gaussian time series.

An important class of weakly stationary time series is the mean-zero serially uncorrelated weakly
stationary time series, which are called white noise and serve as the building block of many other

classes of time series.

Definition 2.6. A time series (g;)ez is called a white noise process if for any ¢,s € Z, Ee; = 0,

and

>, t=s,
E(gel) =
0, t#s.

A Gaussian white noise process is a white noise process who is also a Gaussian time series.
Each e; in a Gaussian white noise process is normally distributed, and is independent of any other
€’s in the series.

At the end of this section, we give a property of the covariance function.

Theorem 2.7. Let v : Z — M(n) be a mapping from the set of all integers to the set of all n-
dimensional square matrices. Then 7 is the autocovariance function of a weakly stationary time
series if and only if y(k) = v(=k)" for any k € Z and 371, 377 aiv(ti — tj)a; > 0 for any
ti,...,tn € Z,a1,...,a, € R" andn € N,

14



Proof. Necessity. Let v be the autocovariance function of a weakly stationary time series (X¢)iez.

Without loss of generality assume that EX; = 0. Obviously v(k) = v(—k)’. For any a4, ...,a, € R",
> Z] apy(ti —tj)a; = Var(3o a;iXy,) > 0.

Sufficiency. A strictly stationary Gaussian time series with autocovariance function  that
satisfies the conditions could be constructed by the Kolmogorov’s existence theorem and the fact
that the distribution of Gaussian random vectors are fully determined by their means and covariance
matrices. See, e.g., Brockwell and Davis (1991, Theorem 1.5.1). |
2.2 Some Asymptotic Results
We give some general results that will be useful in asymptotic analysis in time series setting. This
exposition here mainly follows White (2001, Chapter 3, 5) and Shiryaev (1989).

2.2.1 Law of Large Numbers

We start from the simplest case.

Theorem 2.8. Let&,&9,. .. be a sequence of independent and identically distributed random vectors
with E|&| < oo. Let p=EE. Then

1 T
T Z ft —a.s. .
t=1

In fact, the conclusion of the theorem continues to hold if E&1 exists but is not necessarily finite.
Proof. See, e.g., White (2001, p. 32) and Shiryaev (1989, p. 391). |
We now relax the identically distributed assumption.

Theorem 2.9. Let £1,&s,... be a sequence of independent random variables with u; = E&. Let
e(z) (z)

@ : R — R be positive, even and continuous such that T s increasing and (’Ox—g s decreasing on

R*. If there exists a sequence 0 < a; 1 oo such that

— Eo(& — )
; plar)

then
e
= M
converges almost surely. By Kronecker’s Lemma, this implies that

1 I
a—z ) —a.s. 0.

t=1

Proof. See, e.g., Chung (2001, p. 129-132). |
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Corollary 2.10. Let £1,&,... be a sequence of independent random vectors with u; = E&. If

there exists some § > 0 such that
)
Sl:pIE |& — ,ut|1+ < 00,

then .
1
Z ) —as. 0.
t:l

Proof. This is a corollary of Theorem 2.9 by taking ¢(z) = |z|'*? and a; = ¢. [

The condition in the above theorem could be replaced by sup, E \{t\H‘S

< 00. In fact, by the
¢, inequality we have E |& — |7 < 20(E &' + |ue)*™°) and the boundedness of |u| is due to

Jensen’s inequality.

Remarks 2.11. The convergence rates in Theorem 2.9 can be sharpened if we choose ar properly.

For example, let s2. = Z::F:l Var(§;) — oo. Then by the Abel-Dini Theorem (Hildebrandt, 1942,

RS
Theorem Ia), we have Zthl % < oo for any € > 0. Then by the above theorem, we have
T T

1
s2.(Insp)t/2+e

same variance, we have that W Zthl(& —it) —>a.s. 0. The denominator has a divergence
rate a little bit faster than T2, but slower than 7Y%+ for any & > 0.

We may compare the results with the Central Limit Theorem, which will be introduced in the

ZtT:1<ft — pt) —as. 0 for any € > 0. For the case when & is independent and has the

next section. Under certain regularity conditions, the central limit theorem states that % ZtT:1 (&—
pt) —a N(0,02) for some 02 > 0. Then we obviously have that ﬁ Zthl(ft — pt) #a.s. 0. Now
the questions is, is there a cutting-edge rate between VT and +/T(In+/T)Y/?*¢ that determines
convergence and non-convergence? The law of iterated logarithm gives an affirmative answer. It
says that for an iid sequence {&} with finite variance, lim supy m Zt (& — ) =0 as..
More general laws of iterated logarithm for the independent but heterogeneous case are given

in Wittmann (1985) and Wittmann (1987). We state the result in Wittmann (1985) here.

Theorem 2.12. Let &1,&2,... be a sequence of independent random variables with p, = E& and
Var(&;) < co. Let s2= Y1 | Var(&) — oo. If limsupy % < oo and

e}

E & — pel?
)p/2

< 00
(25T Inlny s7

for some 2 < p < 3 where Iny x = max{e,Inz}, then

limsup ———

T
th ue) =1 a.s..
T=oo /252 Inlny s2. 1=1

We now turn to the dependent and identically distributed case. Identical distribution, or even

strict stationarity, is not sufficient for a law of large numbers to hold. To give an example, let {z;} be
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an iid sequence of N(0, 1) random variables, and y be a N(0, 1) random variable independent of {x}.
Define & = x;+y. Then {&} is strictly stationary, and E¢; = 0. However, % ZtT:l & —a.s. Y, which
is random. The reason why the law of large numbers fail here is that the sequence {&;}, although
strictly stationary, exhibits too much temporal dependence. In particular, the dependence of x;
and x4 does not die out as k grows big.

One way to restrict the temporal dependence and obtain a law of large numbers is through the
concept of ergodicity. Let (2, F,P) be a probability space. A measurable transformation S : Q — Q
is called measure-preserving if for every A € F, P(S71A) = P(A). Pointcaré’s recurrence theorem
states that if S is a measure-preserving transformation and A € F, then for almost every w € €2,
S™w € A for infinitely many n > 1. To gain some intuition, take §2 as the collection of all molecules
in a glass of wine, where each molecule is represented by its position, or a vector w in R3, and
P be the measure of volume, where the volume of all liquid in the glass is normalized to be one.
Let S represent the action of stirring the wine using a stick. Then Sw gives the position after one
stir of a molecule originally at w. The action of stirring is a measure-preserving transformation
since it changes the location of the molecules in the wine, but it does not affect their volumes.
The Pointcaré’s recurrence theorem says that if we continue to stir the wine, then any particular
molecule in a volume of wine will revisit that volume again and again.

Given a measure-preserving transformation S, a set A € F is called invariant if S™1A = A. A
measure-preserving transformation S is called ergodic if every invariant set has measure zero or
one. In our stirring wine example, if the stirring action is ergodic, it means that for any volume of
the wine, as long as it is not the whole volume, some of the molecules in that volume will move out
of that volume after one stir; No part of the glass of wine can be “autonomous” if we stir. Given
that molecules will move out of their old areas and come back again and again, it is expected that
molecules will move here and there. Actually, ergodicity implies that every molecule actually will
visit “everywhere” in the liquid if keep stirring forever.! Each molecule will run through the whole

volume of the liquid. Not surprisingly, we have the following theorem.

Theorem 2.13. Let S be a measure-preserving transformation and £ = £(w) be a random variable
with E €| < co. If S is ergodic, then

T—oo T

L I
lim —Z‘S(Stw) =E{ a.s..
t=0

Suppose a cup of wine starts from an initial state in which the liquid is separated in two layers
that the bottom layer is pure water (80%), and the top layer is pure alcohol (20%). If we take &(w)
to be the indicator function that takes value one when the molecule at w is an alcohol molecule
and zero when the molecule at w is a water molecule in the initial state of the wine, the above
theorem implies that as the stirring goes on, the probability of any molecule being in the top layer

will approach 20%, regardless of its type. After sufficient stirring, alcohol and water are mixed

'For the exact meaning of “everywhere”, see Halmos (2006, p. 26, Lemma).
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well. That is, the state of the wine after sufficient stirring is irrelevant of its initial state.

A measure-preserving transformation is ergodic if and only if it is weak mixing, i.e., if for any

A B e F,

lim — ET: P(AN S~ B) = P(A)P(B).

Tooo T3
We may think S~'B as being the event B shifted ¢ periods back into the past. Ergodicity then
requires that for any A and B, A and S~!B should be independent on average in the limit. Obvi-
ously, weak mixing is implied by a stronger condition: A measure-preserving transformation S is
mixing (in the ergodic-theoretic sense) if for all A, B € F, limy_,oo P(A N S™!B) = P(A)P(B).

For any random variable £ on (2, F,P), given a measure-preserving transformation S, we define
a sequence &1, o, . .. of random variables by &;(w) = £(S'w). Then it is easy to see that &, s, . .. is
a strictly stationary sequence. Conversely, let £1,&s, ... be a strictly stationary sequence of random
variables on (Q, F,P). Then we can always find £}, &5, ... on a probability space (2, F/,P) where
O =R>®, F = B(R*®) and P’ the distribution of {£} and a measure-preserving transformation
S such that (£1,£5,...) have the same distribution as ({1,&2,...) and that & (w) = &(Sw). For
details of the proofs, see, e.g., Shiryaev (1989, p. 405). By the above argument, we have associated
any strictly stationary time series with a measure-preserving transformation.

Now let {&:} be a strictly stationary time series on (€2, F,PP), and S the associated measure-
preserving transformation as constructed above. Then {{:} is called ergodic if its associated
measure-preserving transformation is ergodic. Equivalently, if we define a set A € F to be invariant
with respect to {¢} if there is a set B € R such that foralln > 1, A = {w € Q: (&,,&n+1,...) € B},
then {&:} is ergodic if each of its invariant sets has measure zero or one. For details, see Shiryaev
(1989, p. 412-413). Now we have

Theorem 2.14. Let &,&a, ... be strictly stationary and ergodic with E|&1| < co. Then

1 T
T Z gt —a.s. Egl
t=1

Proof. See, e.g., White (2001, p. 44). |

We may construct new strictly stationary and ergodic sequences from existing strictly stationary

and ergodic sequences.

Theorem 2.15. Suppose £1,&2,... is a strictly stationary and ergodic sequence. If {n;} is a se-
quence defined by ny = f(..., &—1,&, €41, ...) where f is a measurable function into R¥, then {n;}

18 strictly stationary and ergodic.
Proof. See, e.g., White (2001, p. 44). |

Now we look at general dependent heterogeneous sequences. We first introduce some more de-

tailed concepts on mixing, which implies ergodicity. The first of the strong mixing conditions
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is introduced in Rosenblatt (1956). For a sequence of random elements {&;}, we let F! _ =
o(...,&—1,&) be the o-algebra generated by the sequence up to time ¢, and F° = o (&, &1, - - )

be the o-algebra generated by the sequence from time ¢t on. Now we define the mixing coefficients

a(k) = sup sup IP(AN B) — P(A)P(B)|,
t AeF! _,BEFX

t+k
¢(k) = sup sup IP(B|A) —P(B)],
t AeF! ,BEFY,,
P(A)>0
P(AN B)

Y(k)=sup  sup
b AeF! ,BEF,,
P(A)>0,P(B)>0

and

p(k) =sup  sup |Corr(f,g)l,
b feLR(FL ),
9ELE(F 20
where LZ(A) is the space of (equivalent classes) of square integrable, A-measurable real-valued

random variables. We also define

1 I J

B(k) = sup sup 5 [P(Ai N Bj) — P(A:)P(B))]
t {Alr'-vAI}eT(-Ft_oo)? 2 zZ; ]z; ! ’
{Bl ..... BJ}ET(]:{?I@)

where 7(.A) is the collection of all finite A-measurable partitions of Q. These coefficients measure
the dependence between events separated by at least k periods. If a(k),¢(k),v(k), p(k) or (k)
converges to zero as k — 0o, the process {{;} is called a-mixing (strong mixing), ¢-mixing (uniform
mixing), ¥-mixing, p-mixing, or f-mixing (absolutely regular), respectively. If a(k) = O(k~%7€)
for some € > 0, then we say that « is of size —a. Similarly, we can define sizes of the other mixing
coefficients.

It has been well established in the literature of strong mixing conditions (see, e.g., Bradley
(2005)) that

2a(k) < B(k) < o(k) < 5(k),

and

da(k) < p(k) < (k).

We have the following implications:

o o = [-mixing = o
m-dependence = -mixing = ¢-mixing a-mixing.
= p-mixing =

In general, there is no other implications between these mixing conditions except for those that can
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be derived through transitivity.

We make a remark here that although the phrase “strong mixing condition” is used to refer to
the a-mixing, the phrase “strong mixing conditions” used in the plural form refers to all mixing
conditions that are at least as strong as a-mixing.

In the case where {{} is strictly stationary, we clearly have that

alk) = sup IP(AN B) — P(A)P(B)]|.
AeFO _ ,BEF®

Similar results hold for the other mixing coefficients.

Under strict stationarity, strong mixing conditions are stronger than ergodicity.

Theorem 2.16. If &1, &, ... is a strictly stationary and a-mizing, then it is mizing (in the ergodic-

theoretic sense) and therefore ergodic.

Proof. See, e.g., White (2001, p. 48). |

The following two theorems are due to McLeish (1975). We use the exposition of White (2001,
p. 49).

Theorem 2.17. Let {&} be a sequence of random vectors with puy = E&. Suppose

1
00 +5\
E[& — pe|”
Z ( tr+6 < 09,

t=1

for somer >1and 0 < <r. If ¢ is of size —5—,r > 1 or « is of size — 5,7 > 1, then
1 T
T Z(ft — pit) —ra.s. 0.
t=1

The theorem generalizes the results in Theorem 2.9, in which r = 1. Also, we have

Theorem 2.18. Let {&} be a sequence of random vectors. If ¢ is of size — r>1oraisof

_r
2r—17

N T
size — 15,7 > 1, and

sup B[4 < oo
t

for some 6 > 0, then

| T
T Z(§t — f1t) —ra.s. 0.
=1

Now we consider functions of mixing processes. We obviously have the following result.

Theorem 2.19. Suppose &1, &, ... is ¢-mizing (a-mizing) of size —a,a > 0. If {n;} is a sequence
defined by n; = f(...,&_1,&, &41,...) where f is a measurable function into RF, then {n;} is

¢-mizing (a-mizing) of size —a.
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Theorem 2.20. Suppose 1,2, ... is ¢-mizing (or a-mizing), and ny = f(...,&—1,&, &1, --)

where f is a measurable function. Suppose Eny =0 for all t. If > 7, ”ﬁ# < oo for somer > 1,

sup, Hnt - E(nﬂfﬁ,’f)HZ = O(k~Y/27¢) for some € > 0, and ¢ is of size —5—,7 > 1 (or a is of size
"~ r>1), then

—rir
1 T
f Znt —a.s. 0
t=1

as T — 0.

Proof. See McLeish (1975). [ |

We comment here that in although many processes we are interested in satisfy some strong
mixing conditions, there are some simple processes that are not strong mixing. For example, the
autoregressive process Yy = %yt_l + ¢ where g; is a sequence of iid Bernoulli distributed random
variables.

We now turn to the case of martingale difference sequences.

Definition 2.21. Let {{} be a sequence of random variables defined on a probability space
(Q,F,P), {F:} be a sequence of o-algebras such that --- C Fo C F; C Fp C --- C F and {&} be
adapted to {F} (i.e., & is Fi-measurable for each t). We call {(&, F:)} a predictable sequence if
X, is Fi—1 measurable for all t. We call {(&, F;)} a martingale if E |&| < oo and E(&|Fi—1) = &1
a.s. for all t. We call {(&, F:)} a martingale difference sequence if E|&| < oo and E(&|F;—1) =0

a.s. for all ¢.

Note that a martingale difference sequence is serially uncorrelated. Therefore, it is a concept

that lies between independence and uncorrelatedness.

Theorem 2.22. Let {(&,F;)} be a martingale difference sequence. If

e 2r
E [&]
Z tl—i—r <0

t=1

for some r > 1, then

1 T
T th —a.s. 0.
t=1

Proof. See, e.g., White (2001, p. 60). |

Theorem 2.23. Let {(&, F¢)} be a martingale difference sequence. If
sup E |§t’2+5 < 00
t
for some 6 > 0, then

1 T
T th —a.s. 0.
t=1
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Proof. See, e.g., White (2001, p. 60). |

A concept that is easier to deal with than martingale, first introduced by McLeish (1975), is

mixingale, which may be viewed as the asymptotic analogue to martingales.

Definition 2.24. Let {&} be a sequence of random variables, and F; a sequence of increasing sub-
o-algebras. Let p > 1. The sequence {&, F;} is called an LP-mizingale if there exists non-negative
sequences {¢;} and {¢} such that ¢y — 0 as k — oo and that for each ¢t and k,

(@) EE|Fe—r)ll, < ctthp;

(b) (1€ — E(&e|Ferr)ll, < cethrtr.

If 1, = O(k~€) for some €, we say that the sequence {1} is of size —a. Note that mixingales
are necessarily mean-zero. Usually we take ¢, = |||, and we can always make 13 non-increasing.
In the case where & is Fy-adapted, the condition (b) is automatically satisfied. If in addition ¢y = 0
for all k, then {;} is a martingale difference sequence.

The following theorem is due to McLeish (1975).

Theorem 2.25. Let {&} be an L?-mizingale with mizingale numbers {{} of size —5,7 > 1 and
2
> ooy 7 < oo. Then

1 T
T th —a.s. 0.
t=1

Andrews (1988) obtains L' and weak laws of large numbers for uniformly integrable L!-

mxingales without restrictions on the mixingale numbers.

2.2.2 Central Limit Theorems

We begin this section with the Lindeberg-Lévy Central Limit Theorem.

Theorem 2.26. Let &1,&9,... be a sequence of independent and identically distributed random
variables with mean u; and variance Ug. Then

T
> (& — ) =a N0, 7).

t=1

3=

Proof. See, e.g., Shiryaev (1989). |

The following is the Lindeberg-Feller Central Limit Theorem.

Theorem 2.27. Let £1,&9, ... be a sequence of independent random variables with means 1, fo, . - .
and variances 02,03, . ... Let 52T = Zthl o?. If the Lindeberg condition that for any e > 0,
1 I
2
2 2 B (& = 1)1 —pizesry) = 0
T t=1
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holds, then
1 I
— > (& — ) —a N(0, 1).
5T 121
Proof. See, e.g., Shiryaev (1989). |

It is easy to show that the Lindeberg condition can be replaced by the stronger Lyapunov

condition
5,
2+6 ZE & — mel**

for some § > 0. For details, see, e.g., Shiryaev (1989, Section I11.4).

Now we look at various dependent cases.

Theorem 2.28. Let {(&,F;)} be a strictly stationary ergodic adapted L?-mizingale with ¢y, of size
—1. Then

T
1
_9 ~2
o = Var(TZ&) — 0% < 00
t=1
and
T
Z —4 N(0,52).
Proof. See, e.g., White (2001, p. 125). |

Theorem 2.29. Let {;} be a sequence of random variables with yy = B¢ = 0 and o? = Var(&;).
Suppose
supE |&]" < oo
t

for some r > 2, ¢ is of size —2(%1),7“ > 2, or v is of size —L5,r > 2, and

T
_ 1
o2 = Var(thlft> >36>0

for T large enough, then

T f .
— E t_ Ht —d N(O, 1).
- Ir

The following theorem is cited from the online Encyclopedia of Mathematics article by Richard.
C. Bradley.

Theorem 2.30. Let {&:} be a a-mizing strictly stationary sequence of random variables such that
E¢; = 0,EE} < 00,09 = Var(Y., &) — oo as T — co. Then

1 T
— ) & =4 N(0,1)
9T =
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T
as T — oo if and only if {M} is uniformly integrable. If all of the above conditions hold,

2
or

then o2 = Th(T) for some function h(T) that is slow varying as T — oc.

Theorem 2.31. Let &1, &o, . .. be a martingale difference sequence such that EE? = o?. If% Zle £ —p

O'g, and if the conditional Lindeberg condition that for any € > 0,

T
% ;E (531{\@426@} (ftfl) —p 0

holds, then
1 I
—= > _ & —a N0, 7).
VT =

The condition %Zthl & =, og can be replace by £ ST E(EFFit) = ag. See Shiryaev
(1989, p. 543). The conditional Lindeberg condition can be replaced by any of the following three
conditions:

(a) The unconditional Lindeberg condition. For any e > 0,

1 T

- ;IE (531{|&|26ﬁ}) 0.

(b) The unconditional Lyapunov condition. There exists some ¢ > 0 such that for all ¢,
E|&)*T < oo.

(¢) The conditional Lyapunov condition. There exists some 6 > 0 such that for all ¢

E (j&**?|Fiet) < o0

It is known that the conditional Lyapunov condition implies the unconditional Lyapunov con-
dition, which implies the unconditional Lindeberg condition, which in turn implies the conditional
Lindeberg condition. See Alj et al. (2014) for further references.

2.3 Estimation of the Mean of Weakly Stationary Time Series

In this section, we focus on the estimation of the mean of the weakly stationary time series. Suppose
we observe (y1, Y2, .. .,yr) from a weakly stationary time series (y;)icz. The most natural estimator

for the mean p = Ey,; is the sample average

1 T
fL== Y
T;t
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This estimator is unbiased, since Eg = 1/T ZtT:1 Ey; = p. This estimator, under some regularity
conditions, is also consistent, i.e., i —, p. In this case, we say that the series {y;} is ergodic for
the mean. Recall that X7 —, X if and only if

lim P{w € Q: | Xr(w) — X(w)| > ¢} =0,
T—o0

for any choice of € > 0, where || is the Euclidean norm defined as the length of the vector considered.
In the case of scalars, |-| is just the absolute value. For a matrix A = [a;;], we use |A| to denote
the Frobenius norm [A[ = /37, >~ afj.

Theorem 2.32. Let (yi)iez be a weakly stationary time series with mean p and autocovariance
function (). Let i = %Zthl ye. If > p2 1 (k)| < oo, then

(a) g o0 TE( — 1) (i — 1) = S50 7(R).

(b) it =p p as T — oo.

Proof.
TE(ji — p) (o — p)' = % STS B — w)(ys —

t=1 s=1

= % [T7(0) 4+ 2(T — 1)v(1) + 2(T — 2)7(2) + ... + 2v(T — 1)]
T—1

||
= 1= =) (k).
2, (07)

Given Y 2 [v(k)| < oo, by Kronecker’s Lemma, ZZ;i(T_l) L;ny(k) — 0. See Shiryaev (1989, p.
390). Therefore, TE(f — p) (i —p) — Yoo . v(k). As a consequence, E(fi — p)(ft — ) — 0. This
implies that fi — 2 p, which in turn implies that ji —, p. |

Note that i is said to converge in mean square to p, or i — 2 p if and only if E |4 — M’Z — 0.
It is a well known result in probability theory that convergence in mean square implies convergence
in probability due to Chebyshev’s inequality.

The asymptotic variance of the sample mean estimator is given by

o0

Var(VT (i — p) = TE(f — p) (e — ) = Y (k).

k=—00

This limit is called the long-run variance of the series {y;}.

One may be further interested in the asymptotic distribution of i — u. However, the asymptotic
distribution can be obtained only with more assumptions on the structure of the time series, which
we shall not elaborate on at this moment. In the special case where the time series is Gaussian,
VT(j—p) = L+ Ethl(yt — 1) is Gaussian, and it converges in distribution to N (0, Y72 _ (k).

T
As we shall see in Chapter 4, if {y;} is a linear process, a central limit theorem holds for {y;}, and
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we also have VT(fi — pu) —q N (0, e y(k)) Or one may impose regularity assumptions such
as ergodicity, mixing, or martingale assumptions to the time series so that a central limit theorem
in Section 2.2 holds.

2.4 Estimation of the Autocovariance Function of Weakly Stationary Time Se-

ries

With a sample (y1,¥2,...,yr) from a weakly stationary time series (y;)icz, we may estimate the

autocovariance function ~y(k) of the series by

T

for 0 < k < T —1, and §(k) = (—k)" for —(T — 1) < k < 0, where i is the sample average
estimator studied in the previous section. Note that because of the existence of fi, this 4(k) is not
an unbiased estimator of (k).

We may also replace the denominator T' — k in the above expression with 7. The estimator is

then given by

L T
A(k) = T Zk:l(yt — ) (ye—r — ).
=kt

Obviously the two estimators are asymptotically equivalent. In this section we shall use the latter
estimator.

In order to obtain the asymptotic properties of the autocovariance estimator, we need to look
at the 4-th moment of the process. We therefore define the following stationarity concept. In this
section we mainly follow Parzen (1957) and deal with the case in which (y;)iez is a univariate
process. It is quite straightforward to extend the results to the multivariate case. We call a
process 4-th order weakly stationary if E|yt|4 < oo and that for any ki, ko, ks, P(k1,ke,ks) =
EyiYt+k, Yt+koYt+ks 1S independent of ¢.

In particular, if g, is mean zero and Gaussian, then its fourth moment function can be expressed

Pu(ki, ko, ks) = y(k1)y(k2 — k3) +v(k2)y(ks — k1) + v(ks)y (k1 — k2).

by Isserlis’ theorem. Then
Q(kla k27 k?)) = P(kla k27 k?)) - PN(k17 k?a k3)

of a generic mean zero fourth order weakly stationary process {y;} measures the deviation of the
process from Gaussianity in terms of the fourth moment structure. The quantity ) coincide with

the so-called fourth cumulant of the process.

Theorem 2.33. Let {y;} be a fourth order weakly stationary time series with absolutely summable

autocovariance function y(-) and absolutely summable fourth cumulant Q(k1, ko, ks). Let (k) be
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the estimator of v(k). Then for any k, ki, ks,

and

lim T Cov(y(k1),%(k2))

T—o0
oo

= > QK] Kk + [kal) + v (k)y (k + [ka| = [ko]) + (k + [k )y (k = [ka])].

k=—oc0

Proof. Consider the case where k > 0. Write

1 T—k

A(k) = fZ(ka—MwLu—ﬂ)(yt—quu—ﬂ)
=1

D(k) + <1 - ;ﬂ) +(k) + R(k)

where T
LT
D(k) = T Z[(?Jt% — 1)y — p) — (k)]
t=1
d
a | Tk | Tk i
R = 7 3 st~ )00+ 3= 0l =)+ (1 1) =
t=1 t=1
We can show that for any k1 > 0,k > 0,
1 T—k1 T—ko ~
ED(k1)D(kz) = 7= S D [Pt + kst e + ko, ta) — (k) y (k)]
t1=1 to=1
T—k1T—ko
1
=72 Z Z [Q(k1,t2 — t1,ta — t1 + ko) + y(ta — t1)y(ta — t1 + k2 — k1)
t1=1 to=1
+(t2 =t + k2)y(t2 — t1 — k1))
T—1—ko
1
== Y ulkky, k)[Qky k4 ko) + y(k)y(k + ke — k)
k=—(T—1—k1)
+ (k4 k2)y(k — k1))
where
max(lﬂ,kg—i—k) if k > O

1 — maxthtlklhe) = e g <,

1- )
U(k, kla kZ) = { T
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Under the summability of the fourth cumulant, by Kronecker Lemma we have

o0

lim TED()D(kz) = 3 [QUht, ko ko) + (B (E + s — k) +3(k + o)y — )

k=—o0

We can also show that

for some constant C' under the absolute summability of (k).

The results then follows easily. |

Note that in the Gaussian case, since Q(k1, k2, k3) = 0 for all k1, kg, k3, we have

[e.9]

Jim TCov(7(k1),7(k2)) = D ey (e + k2| = [kal) + (k =+ [kl )y(k — [ka])].
k=—00

The above theorem gives the asymptotic bias and variance of the estimator 4(k). It obviously
implies that §(k) converges in mean square, and therefore in probability, to v(k). We may also
obtain a central limit theorem for the D(k) part, and therefore establish that v/T'(§(k) — v(k)) =4
N(0, V') where V is given by the expression in the above theorem if we assume that {y;} satisfies
some strong mixing conditions with certain mixing rate. For details, see Section 2.2.2.

Absolute summability of the fourth cumulants holds trivially for Gaussian processes. Also,
it is known that absolute summability of the four cumulants holds for fourth order stationary
linear processes’ with absolutely summable coefficients and innovations whose fourth moments
exist (Andrews, 1991, p. 823). Absolute summability of the fourth cumulants also holds when
the process satisfy some a-mixing conditions. Andrews (1991) shows that if {X;} is mean zero,
’4

fourth order weakly stationary with sup, E | X;|™ < oo for some v > 1, and a-mixing with mixing

coefficients a(k) satisfying > 22, kQa(k)UTil < 00, then its forth cumulants are absolutely summable.

2See Chapter 4 for an introduction of linear processes.
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3 Spectral Analysis of Weakly Stationary Processes

3.1 Spectral Distributions and Spectral Densities

This chapter introduces the frequency domain analysis of time series. Although time series we
usually encounter in real-world applications are real-valued, in spectral analysis, it will be math-
ematically more convenient to consider them as complex-valued series. We therefore adapt a few
concepts we encountered earlier to processes on the complex field C. In this chapter we state results
for the univariate case. Their generalization to the vector process should be straightforward.

A complex-valued time series {X;} is said to be weakly stationary if E|X;|* < oo, and both
EX; and EX; X, j are independent of ¢, where X; denotes the complex conjugate of X;. The
autocovariance function (-) of a complex-valued weakly stationary time series {X;} is defined to

be

v(k) =E(X; —EX)E(Xy_p — EX; p) = EXi Xy 5 — EX;EX; .
We have a theorem analogous to Theorem 2.7.

Theorem 3.1. A mapping v : Z — C is the autocovariance function of a complex-valued weakly

stationary time series if and only if v(k) = y(—k) for any k € Z and Y ;_ " 1 ary(ty —ts)as > 0
forany ti,....tn € Z,a1,...,a, € C and n € N.

The following is the spectral characterization of the autocovariance function.

Theorem 3.2. A mapping v : Z — C is the autocovariance function of a complez-valued weakly

stationary time series if and only if
v(k) = / eMAF(N), keZ

where F' is a right-continuous, non-decreasing, bounded function on [—m,n] with F(—7) = 0.

In the above theorem, i = v/—1. Note that by De Moivre’s theorem we have e’® = cos a +1sin o

and e7'* = cosa — isin« for any o € R.

Proof. Sufficiency: It is easy to verify that (k) = v(—k). Let ay,...,a, € C. Then

n n

Z ZQT’Y(tT‘ —ls)as = /7; i araseik(tr_ts)dF()‘)

r=1s=1 “Mrs=1
x| n
:/ § :arez)\tr
-7

r=1
Then by the above theorem + is an autocovariance function.

2
dF()) > 0.

9© 2017-2021 by Bo Hu. All rights reserved.
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Necessity: Suppose 7 is an autocovariance function. Define

N
— L —iAr _ IS
fn(A) = Y Z e "y(r—s)e

r,s=1
1 LRV
= o Z <1 N>6 v(k)
|k|<N

on A € (—m, ] and 0 everywhere else. By positive definiteness of v, we have fx(\) > 0 on (—m, 7).

Define
A

Fn(A) = [ fy(v)dv

—T

for A € (—m, 7], Fn(\) =0 for A < —m, and Fn(A\) = Fy(w) for A > . Then it is easy to see that

(1= %)), Ikl <,

/ eMAFN(\) =
- 0 |k| > N.

Since {Fy} is a sequence of distribution functions supported on [—m, 7], and Fy(7) = v(0) for all

N, we have that {Fy} is tight. It then follows from Shiryaev (1989, Theorem 1, p. 318) that that
} such that Fy,

m

— I for some distribution function F' where —,
Ak

there exists a subsequence { Fy,

m

denotes weak convergence of measures. Since the mapping A\ — e'*" is continuous and bounded,

this implies that
lim eMdFy (N) = / eMAF(N).

m—0o0 —r —r

However, the limit on the left-hand-side can only be (k). Therefore, we have

y(k) = / ' eMAF(N).

—T
Obviously, F' constructed in this way satisfies the required properties. |

We shall call F the spectral distribution function of v or {X;}. If F admits a derivative f such
that F'(\) = f:\ﬂ f(v)dv, we call f the spectral density of v or {X,}.

We note here that the spectral distribution F' is uniquely determined by the autocovariance
function . This is because y(k) = [7_e**dF()) holds for all k, and {e**},¢cz serves as a set of
test functions that can be used to determine the values of F'. See Brockwell and Davis (1991, p.
119) for details.

Let {X;} be a weakly stationary time series with absolutely summable autocovariance function
~v(:). Let f: (—m,m] — R be defined by
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Then we have

" ik _ 1 S z)\k m)
/_We f(A)dA_/7r2 _z_: d\
1 - k m
o 2 / “
= (k)

where the interchange of the summation and integration is guaranteed by Fubini’s theorem since
[T oLy ‘v(k)ei)‘(k*m)‘ d)\ < oo under the absolute summability assumption of . In view

—m 27 m=—00

of the above theorem and that 0 < fy(A) — f(A), we have that

Theorem 3.3. An absolutely summable function v : Z — C is the autocovariance function of a

weakly stationary complex-valued time series if and only if it has spectral density given by

o0

1 .
7 y(k)em? >0, Ae (—m, 7.

k=—o00

fN) =

For any real weakly stationary scalar process with absolutely summable autocovariances, since
v(—k) = v(k), we have that f(\) is real, f(\) = f(=)), and

fA) = ( +2Z’y cos Ak)

Actually we may easily derive the following result.

Theorem 3.4. A function f : (—m,n] — R is the spectral density of a real-valued weakly stationary
process if and only if f(A) = f(=A), f(A) =0 and [7_f(A)dX < 0.

In the end we relate the spectral density with the bounds of eigenvalues of the covariance matrix

of (X1,...,X,) when {X;} is a weakly stationary process.

Theorem 3.5. Let {X;} be a weakly stationary process with spectral density f such that 0 < m <
fOA) <M < oo forall X € (—m,m]. Let \y < Ay < --- < A\, be the eigenvalues of the covariance
matriz Ty, of (X1, Xa,...,X,) . Then

2mm < A\ < A\, <27 M.

!/

Proof. Supoose v = (v1,---,v,) is a normalized eigenvector of T';, with eigenvalue A. Let the

autocovariance function of {X;} be v. Then we have
A=vT,v

=> 3 vu(— k)

j=1 k=1
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n n

iUk / eTU=RA £(X)dA
=1 k=1 i

n

2n M fu]z.

Jj=1

<
I

IN

This implies that A < 27 M. Similarly we may show that A > 2zm. |

3.2 Spectral Representation

To obtain the spectral representation of a weakly stationary process, we first introduce some con-
cepts and define a stochastic integral. For more details, readers may refer to Shiryaev (1989, Section
VI.2).

Throughout this section, let (2, F,P) be a probability space, and (E,£) be a measurable space.

Definition 3.6. A complex-valued function Z(A) = Z(w; A) defined for w € Q, A € £ is called a
stochastic measure if

(a) E|Z(A)? < oo for all A € &;

(b) For every disjoint A1, Ay € £, Z(A1 U Ag) = Z(Ay) + Z(Ag);

(c) For all disjoint Ay, Ay, ... in &, we have lim, o0 E|Z(U2, As) — S, Z(A:)|° = 0.

Note that the measurability of Z(-; A) for all A € £ is implicitly required by the statement of
the definition.

Definition 3.7. A stochastic measure Z is called orthogonal if for every disjoint Ay, Ay € £ we

have EZ(A1)Z(A2) = 0. For an orthogonal stochastic measure Z, we call the function m defined
by m(A) =E|Z(A)|?, A € € the structure function of Z.

It can be shown that the structure function m is a finite measure on (E, ).

Now we define integral with respect to orthogonal stochastic measures. Let L? = L?(E,&,m)
be the Hilbert space of complex-valued square integrable functions on F with inner product given
by

(f.g) e = [E fgdm

and H? = H?(Q, F,P) be the space of complex-valued square integrable random variables on €

with inner product given by

(&) n2 = EET.

Norms are defined in the usual way.
Now for simple function f =>"" | s;la,,A; € £, define the integral with respect to an orthog-

onal stochastic integral Z by

Q i=1

32



It is easy to verify that for simple f and g, we have

< /Q fdz, /Q gdZ>H2 — (£, 912 (3.1)
|07

Now we may approximate any f € L? by simple {f,} in L?. Then for n,m — 0, we have
| fn — fmll — 0, which by the above equivalence implies that Hf fndZ — ffdeH — 0. Since
{[ fndZ} is Cauchy, by completeness of H?, there exists a unique (P-a.s.) random variable that is
the limit of { [ f,dZ}. We define this limit to be the stochastic integral of f with respect to Z, and
denote it by [, fdZ.

Similarly one can easily extend the equations (3.1) and (3.2) to general f and g in L?. This
establishes the isomorphism between L? and H? defined by f — Jo fdZ. Linearity of the integral

can also be shown easily.

and

2
= |IfII? = % dm. 3.2

We now associate an orthogonal stochastic measure with a stochastic process which has orthog-

onal increments.

Definition 3.8. A set of complex-valued random variables {Z)}, A € R, is called a stochastic
process with orthogonal increments if

(a) E|Z)* < oo for all X € R;

(b) For every A, L A€ R, E|Zy — Z),|* = 0 as n — oo;

(c) E(Zy, — Zxy)(Zx, — Zx,) = 0 for any A\; < A2 < A3 < A\q € R.

Now consider the case where E = R and £ = B(R). Let Z = Z(A), A € B(R) be an orthogonal
stochastic measure with structure function m = m(A), and the distribution function F(\) =
m(—o0, \]. Define the stochastic process {Z)} by Z\ = Z((—o0, \]). It is easy to verify that {Z)}
is a stochastic process with orthogonal increments. On the other hand, if {Z,} is a stochastic
process with orthogonal increments such that E|Zy|> = F(\), F(—o0) = 0, F() < oo, then we
can verify that Z defined by Z((a,b]) = Zy — Z, (and extended to all B(R)-measurable sets)
is an orthogonal stochastic measure. We therefore have established a one-to-one correspondence
between an orthogonal stochastic measure and a stochastic process with orthogonal increments,
and we may now define the stochastic integral [, f(A\)dZ) with respect to a process {Z} with
orthogonal increments by the value of the stochastic integral fﬂ fdZ where Z is the corresponding

orthogonal stochastic measure associated with {Z,}.

Now we obtain the spectral representation of weakly stationary processes. Let {{;} be a weakly
stationary process with spectral distribution function F. One may check that the mapping U given
by

n n
U E a;&e; | = E aje'
Jj=1 J=1
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e where e;(\) = ™ X\ € (=, ], and \/
denotes the span. By a usual argument we can extend this isomorphism uniquely to an isomorphism
gt and L2((_7T7 7T]7 B((—T(', 7T]), F)

defines an isomorphism between \/;© & and Vo

between the closure of the two spanned spaces, i.e., between \/;=

We therefore have the following result established:

Theorem 3.9. Let {&} be a mean-zero weakly stationary process with spectral distribution function
F. Then there exists a unique isomorphism U between \/°___ & and L*((—n, ], B((—m,7]), F)
such that

(U&) (\) =™, Xe (—m, 7]

forallt € Z.

We define the set function Z(A) = U1 for A € B((—n, ). Note that E|Z(A)|* = |[1a]| =
F(A). We can easily verify that Z thus defined is an orthogonal stochastic measure. Also we
may easily show that for simple f € L?((—m,n], B((—m, ), F), [ fdZ = U~'f. A usual argument
extends this equality for general f € L?((—, x|, B((—m, ), F). Now take f()\) = e'**, in view of

Theorem 3.9, we have the following spectral representation result.

Theorem 3.10. Let {&} be a mean-zero weakly stationary process with spectral distribution func-
tion F'. Then there exists an orthogonal stochastic measure Z = Z(A), A € B((—m,n]) with struc-
ture function F such that for all t € 7Z,

& = / i eNdZ(\)  P-as.
-7
We make the following remarks regarding this theorem.

(a) The associated stochastic process with orthogonal increments can obviously be defined by
Zy=U _11(_7“ ]+ S0 obviously the above theorem can also be stated in the form of stochastic
integral with respect to the process {Z)}.

(b) It can be shown that if & = feit)‘dZA,]P’-a.s., and & = feit/\dY,\,IP’—a.s. for two stochastic
processes Zy and Y) with orthogonal increments, then P(Z) =Y)) =1 for each A € [, 7.

(c) If F has a discontinuity (jump) at A = Ao, then § = f[fmrr]\{ko} e AZ(\)+er Z({\}). This
implies that there is a deterministic sinusoidal component with frequency Ag in the time series.
For the general case, we may think that the spectral representation decomposes the time series
{&} into (a continuous) “sum” of sine and cosine components with different frequencies .
The spectral density f(A) of the process {{;}, if exists, may be viewed as the variance of
|dZ(X)|, which gives the “magnitude”, or “significance”, or “importance” of the components
corresponding to different frequencies. In particular, we have that v(0) = ffﬂ FA)AA, ie.,

the variance of {{;} is the integral of contributions f(\) from the individual frequencies.

Apparently, if {£,} is a real process with the representation ffﬂ e*dZ, then we may represent

& as
™

& = /7r cos(At)dZ1(N) +/ sin(At)dZ2(A\) a.s.

—T —T
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where Z = Z1 + iZ5, Z1 and Z real valued.

Theorem 3.11. Let {&} be weakly stationary with spectral representation & = [7_e™dZ(\)
and spectral distribution F. Let H?> = Vo & Ifn e H?, then there exists a function ¢ €
L*((—m, 7], B((—m, ), F) such that

n = / SNAZ0)  as.
If there exists {hj};?‘;_oo such that the sequence 1y = Z;’i_oo hj&i—; is well defined in mean square,
then

Ut:/ eMh(emMdAZ(N\)  a.s.

—T

where h(z) = 352 h;2.

j=—o00

Proof. See Shiryaev (1989, p. 433). [ |

The Fourier transform h(e~*) is called the transfer function associated with the linear filter
h(L).

Theorem 3.12. Let {n;} be a weakly stationary time series with spectral density fy(X). Then
(possibly at the expense of enlarging the original probability space) we can find a white noise {e;}
and a linear filter h(z) = 352 h;z? such that ny = h(L)ey = > 2

j=—00 j=—00 hjgt—j’

In particular, if f,(X) > 0 almost everywhere with respect to the Lebesque measure and fp(\) =
5= |h(e™™)| for some h(z) = >0 hjzj,zjﬁo |h;|? < oo, then n; = > o hjet—j for some white

noise {e;} (on the same probability space).
Proof. See Shiryaev (1989, p. 435). |

In the end, we use spectral representation to prove some ergodic theorems for weakly stationary

time series.

Theorem 3.13. Let {&} be a weakly stationary time series with zero mean, autocovariance function

v(+), spectral distribution F and spectral representation & = fwﬂ e"™dZ(\). Then

1 T
=26 =z Z({0})
t=1

and

S

=Dk = F({0)).

k=1
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Proof. Since %25:1 e — 1gop(A) in L((—m, @], B((—m, 7)), F), and ’% ST e“/\‘ <1 for all T,

therefore we have

T T-1
b= [ Sz sue [ 1g(MZ0) = Z(0),
t=1 T t=0 -
We can prove the result for autocovariance function similarly. |

Note that if the spectral distribution F is continuous at 0, then F({0}) = Z({0}) = 0, and
therefore the two limits are zero. A corollary of the above theorem is that %Z;}le v(k) = 01is a
sufficient and necessary condition for % Zle & —12 0. If EE = p, then %ZZZI ~v(k) — 0 or the
spectral distribution F' continuous at 0 is a sufficient and necessary condition for % Ethl & =2 .
This gives a condition by which the sample mean estimator is consistent (in mean square, and
therefore in probability) for the true mean.

Also note that if E§ = 0, and Z({0}) # 0, then there is a random variable ¢ = Z({0}) such
that & =C+m, me = |7 eMZ(dN), Z({0}) = 0, and %Zthl & =2 Cas T — oo.

3.3 Estimating the Spectral Densities

In this section we first introduce the periodogram and its properties. Our spectral density estimator
will be based on smoothing the periodogram.
Let X = (X1,Xs,...,X7p) be the data. We may view any realization of X as elements

in the space CT over the field of complex numbers. Consider the vector of the form v; =

ﬁ(eiwﬂ',eziwﬂ', o eTwiY G e 7. Let wy = 2% and Jp = {j € Z| — 7 <w; < 7}. Then {vj};cy, is
an orthonormal basis of C, and we therefore may express any z = (x1,...,27) in C as
xTr = Z a;U;
Jj€Jr
where

T
1 —itw;
a; = {z,v)) = —= Y xj€ "I,
J < ]> \/T ; J
The mapping from = to {a;};c;, is called the discrete Fourier transformation of x.

Definition 3.14. Let # € CT and {a;};es, be the discrete Fourier transformation of . The

periodogram I(w;) of = at frequency w; = %, j € Jr is defined to be

2

1
I(w)) = |aj|* = T

T
—itw;
E e J
t=1

Since ||z||* = 3 jesp I(wj), the decomposition can be viewed as a form of “variance decompo-

sition analysis”.
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Theorem 3.15. Let z € CT and I(wj) its periodogram. Then for any wj # 0,5 € Jr,
T-1

Iwj)= Y "alk)e ™,

k=—T+1

where v (k) = %ZtT;lk(ka —m)(zy —m) for k >0, m = %Zthl xt, and vz (k) = vz(—k) for
kE <0.

Proof. Since Zthl etvi = Zthl e =0 for any w; # 0, we have

T T
I{wj) = % (Z (x5 —m) e‘”““) <Z (1 — m)e“““)
s=1 t=1
=2 Y ) w0
1<s,t<t
T-1
— ,yx(k;)efikouj )
k=—T+1

The similarity between the above equation and the representation of the spectral density in
Theorem 3.3 hints that we may construct an estimator of the spectral density of a weakly sta-
tionary process with absolutely summable autocovariance function based on the periodogram, i.e.,
the discrete Fourier transformation of the data. Since the discrete Fourier transformation defines
the periodogram for discrete frequencies, in order to estimate spectral density, we extend the peri-
odogram for all frequencies in (—m, 7.

Let X1, Xo,..., X7 be a real time series. The periodogram Ir(w),w € (—m,n] is defined as
follows: Let

if w=0,

f - T
Z Z (Xt+|k|—;ZXt> (Xt—ZX> “he i w =2 j e Jp.
-1+ t=1

Then define

o) = IT(%), if M <w< M w € [0, 7]
Ir(~w), ifw e (—m0).

Note that we extend Ip(w) in a piece-wise constant way. We have the following results.

Theorem 3.16. Let {X;}_, be a (real) weakly stationary time series with mean u, absolutely

summable autocovariance function (), spectral density f(-), and periodogram Ip(w), w € (—m, 7).
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Then
EI7(0) — Tu? — 27 f(0)

and
Elr(w) = 2nf(w) ifw#0

as T — oo.
In addition, if u =0, then Elr(w) converges uniformly to 2x f(w) on (—m, 7).

Proof. Write g(T',w) to be the multiple of 2% closest to w. Note that g(T,w) — w as T — cc. Also

note that for w = %, j € Jr, Ir(w) can be equivalently written as

(X — 1) (Xy — 1)

The results then follows easily. Uniform convergence follows from the uniform convergence of
9(T,w) and the uniform continuity of f(-). [

The above theorem suggests that IT2(:) (with small modification at w = 0) may serve as an

asymptotically unbiased estimator of the spectral density f. However, as the next theorem shows,
it is not a consistent estimator.

o2

Theorem 3.17. Let X; ~ i.i.d.(0,02) be a real sequence of random variables, and let f()\) = 5=

be its spectral density and I7(-) be its periodogram as defined above. Then for any 0 < A\ < Ay <

Ir(M)  Ir(A2)) I (M)
< Ap <o, %(zfrTf(Ally 27Trf(/2\2)""727rTf(/\n

x3-distributed random variables.

)) converges in distribution to a vector of independent

Proof. For A > 0, we have

2 2 2

T
+ ZXt sin(tg(T, \))
=1

T
1 ,
=|— E X, e ()
VI =

We therefore consider the joint distribution of

= fZXt cos(tg(T, \))

n

j=1

T n 1 T
rcos(tg(T, \j ))} ,{ Xy sin(tg(T, )\j))}
{ Z g( o \/T; g

We first look at Yy = ﬁ Zthl Xy cos(tg(T, \j)). Note that Var(Yr) = "—22 since X; is i.i.d. and

S cos2(1(g(T, \y))) = Sy (£ g ) i SO PO 8 o, the
Lindeberg condition holds by
T T 2
Tlgréo;E TZ_: t COS tg(T Aj )) {‘\FXtcos(tg(T/\ ))’>e}
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Therefore a central limit theorem holds for Y7 and Yr —4 N(O, %2) We can follow similar proce-
dures and use the Cramer-Wold device to show that Zp —4 N(0, %QIQ,L). The results then follows

immediately. |
The above theorem shows that even for simple processes, Igs:‘) = % Z;iT 41 4(k)e ™ * con-
verges to some non-degenerate random variables instead of the true spectral density f(\). There-

fore, ITQSF’\) is not a consistent estimator of f(\). The result can be extended to cases where X is

not necessarily i.i.d., but a (possibly dependent and heterogeneous) sequence such that a central
limit theorem holds for % Zthl X,e~"9(T:A) - This holds when the process {X;} satisfies some

mixing conditions, mixingale conditions, or martingale conditions. See Section 2.2.2 for details.

To improve the estimation performance, we need to smooth the periodogram. In the following
we state a theorem from Parzen (1957). For properly chosen by, which is a function of the sample

size T, and function w(-), we define the estimator of spectral density by

FO) =5 37 e Pulbriyi(h). (3.3

™
|k|<T

Theorem 3.18. Let X; be a fourth-order stationary time series, y(-) be its autocovariance function,
and f(-) be its spectral density. Let f be estimated by f as in (3.3). Suppose that for some
g >0, Y02 kTR < oo, Dot > > o |Q(r, s, t)| where Q(r,s,t) is the joint
cumulant of (Xo, X;, Xs, X¢), w: R — Ry is an even, bounded, square integrable function such that
w(0) =1 and that for every b and T" we have b o w(bk) < C(bT)Y?=¢ for some € > 0. Suppose
that there is a largest positive number r (could be infinite, meaning that the required condition

holds for all positive number r) such that w™ = lim,_ lf‘:ljr(z) is finite and non-zero and let

q < r. Let by be a sequence such that by — 0, bpT — oo and 0 < limp_o b;JquT < oo. Let
FDN) = L5 kP y(k)e= . Then we have that

. Clw™ fON\],  ifg=r,
=00 0, if g <,
and that
0, if M # £,
Lim brT Cou(f(M), f(M2)) = § F(M)2 [ w2(z)dw,  if A = £ho £0,

2f(M)? [T wP(z)de,  if A1 =X =0.

Proof. The proof here mainly follows Parzen (1957) and Hannan (1970, p. 280, Theorem 9). We
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cite some of the results from Theorem 2.33 in the following. For k > 0, we can write

1 T—k

ﬁ%ﬁifz]%%—u+u—ﬂﬂw—u+u—m
t=1

— D(k) + (1 - ’“) + (k) + R(k)

T
where 1 .
D%%:TEZMM%—uMA—m—V%H
t=1
and T . i
R =3 X (= )= 0+ 3 X o= =i+ (1= 3. ) =

t=1 t=1

We have that ER(k)2 < CT~2 for all k. Also, we have that for ki, ko > 0,

T—1—ko
1
ED(k1)D(k2) = S ulk by ko) [Q(ky, kK + ko) + (k) y(k + k2 — ki)
k=—(T—1—k1)

+y(k + k2)y(k — k1))

where
_w if k>0
k ki, ko) = | .
u(k, k1, k) 1_w, if k < 0.

For convenience, we write

[e.9]

ED(kl)D(kz) = % Z u(k, k1, kQ)[Q(kl, k. k+ k‘g) + ’y(k)’y(k: + ko — kl)

k=—o00

+y(k + k2)y(k — k1)]

where

7 ifk>T —1— ko,
w7 if0<k<T—1-ky,
max(hitkke) i (T —1— k) < k<0,

, if k< —(T—1-k).

’U,(k, kl, k2) -

.
0
1
1
0

\

Now we proceed to prove the theorem. First, by Minkowski inequality, we have that

2

. —iAk
Jim b7 TE 22%6 w(brk)R(E)
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Note that the convergence is uniformly in .

Next, write

b (Ef(A) = f(A)) =Ri+ Ry + Rs + B

where L
R, = ﬁ > e w(brk)R(k),
|k|<T
by ! —iXk
R = =31 7 ek uw(brk)y (k).
|k|<T
r N
Ry=—-L > e k),
|k[>T
and

b? —i
B— _i e (1 — w(brk))y(k).
|k|<T

By what we have just shown, we see that Ry — 2 0 uniformly in A. Since w is bounded, if ¢ > 1,
then

|Ry| <

C C
< q )
sy 2o FIB < g 3 k1 (k) = 0
|k|<T |k|<T

If ¢ < 1, then

ol = — S5 (Y i < —C S kel = 0
2 o by T = 27 (brT)1 '
|k|<T |k|<T

Therefore Ry — 0 uniformly in A\. Write

Bal = 5 5 (7)Y B

k| =T

Since % — 1, R3 — 0 uniformly in A.
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For the essential bias term B, note that

1 _g (1 —w(brk) —iXk
B=—— br k) ™9 ———> | K|y (k)e™"
o 30 iy () i e

|k|<T
it is then easy to see that
Clw™ O\, ifg=r,
lim |B| = ‘ A >} e
=00 0, ifg<r

uniformly in A. We have thus established that

(r) £(r) e
hmquf() f()\)‘: C|w f (/\)\, ifg=r,

T—o00

0, if g <

Next, for non-negative A1 and Ao,
lim brTCov(f(\1), f(X2))
T—o00

~im 2T > e Furk)D(k) | [ D e ?Fw(brk)D(k)

T—o00 47‘(’2
|k|<T |k|<T
brT T-1 T-1 ' ‘
= lim_ ﬁ > ST ek ik bk Yw bk )ED (k1) D (k)

T-1 T-1 %s)

br Z Z Z —i\k1 ,—idok

_TIEI;OR e Fle 2 Qw(ka:l)w(kag)
ki=—(T—-1) koa=—(T—-1) k=—o00

u(k, k|, [k2))[QUE1, ks k + [K2) + v (B)y(k 4 |ka| — [k1]) +y(k + [k2|)y(E — [F1])].

Since the sine and cosine functions, w(-) and u(:, -, -) are bounded, and that Q(r, s,t) is summable,
we may ignore the term Q(ki, k,k + k2) in the above expression. Also we change z for |ki| — |ka|

and rewrite the second part as
lim bpTCov(f(A1), f(X2))
T—o0

T—1
— lim L Z Z Z “GEHRED ek (b (2 4 ko) w (brks)
2= —2(T—1) ka=—— (T—1) k=—o0
- {u(k,|z+ ol [Ral) + ulk — [kl |2+ mmm] [’V(k)'y(k—Z)]

T-1

= lim i E § e—iAIZ E e_i/\1|k2‘6_iA2k2
T—>oo 472

z=—2(T—1) k=—c0 ko=—(T-1)

. bTw(bT(z + ]kzl))w(kaQ)u (k, ko, Z)
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where

u”(k, k2, 2) = u(k, |z + [ka|l, [k2|) + u(k — |ka| , [z + [Rall, |k2]).

Note that limp_o u*(k, ko, 2) =

Let
Lz, k, ko) = e~ Mlk2le=A2k2 by (b (2 + |ko|))w (brka)u® (K, ko, 2).
Note that
T—1 2
bTw(bT(z + ‘kQ‘))U)(kaQ)
ko=—(T-1)
T-1 T—1
< Z wQ(bT(z + |k2|))br Z w2(ka2)bT
ko=—(T—1) ko=—(T—1)
2
[e'e] %) 2
< Z w?(bpko)by | = (/ wQ(x)d:n) .
ko=—00 -0

Then by dominate convergence theorem, > L(z, k, k2) converges uniformly in z, k. To evaluate the

value of this sum, we write limy_, Zkr (T-1) L(z,k, ko) as

T-1
lim Y (e ek o=t ANk Yy (b (2 4 k) Yw (brko)u? (K, ke, 2)

T—o0
ko=1

brT xg-x Aot
= lim 2/ (e 70 e T N (x)da
0

T—o00

Recall that we consider the case when Ay > 0 and Ao > 0. By Riemann Lebesgue Lemma, if
A1 # Ao, the above limit is zero. If Ay = Ay # 0, the above limit is f (x)dfz. If Ay = X =0,
the above limit is 2 [ w?(z)da.

Noting that 5- Zszoo *Z)‘lk*y(k:) = f(\1), we have that

T-1

1 —ihiz —id[ko| —idak
IR S SRS SR
z=—2(T—-1) k=—o0 ko=—(T-1)
. bTw(bT(Z + |k2|))w(ka:2)u (k, kQ, Z)
T-1
o Atk ()M Ry () — —ii|ka|  —idoko
—Tlgrgo Z Z v(k — 2) Z e e
2=—2(T—-1) k=—o0 ko=—(T-1)
. bTU)(bT(Z + |k2|))w(ka:2)u (k, k‘g, Z)
:Cf()\l)2/ w?(x)dz
—00
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where

0, if A1 # Mg,
C=<1,if \y = Xg #0,
2, if A1 =X2=0.
Note that we derive the above result in the case when both Ay and Ay are non-negative. Given that

f(A) is symmetric, it is easy to adapt the results to general A1, Aa. |

We make the following remarks regarding the above theorem.
(a) If we redefine the periodogram Ir(w)
T-1 ‘
Ir(w)= Y e ™4(k)

k=—T+1

so that it is not piece-wise constant anymore, then we have

(k) = /Tr ¢ I (w)dw,

= % .
Let )
— —ikw
Wr(w) = o Z w(brk)e ™.
|k|<T

Then it is easy to verify that
~ 1 m
fA) = 27r/ Wr(A — w)Ip(w)dw.

(b) We call w(-) the lag window of the spectral density estimator and call Wy (-) the spectral
window. The following are a list of popular window functions.

(1) The rectangular or truncated window. The lag window function is given by

1, if |z <1,

0, otherwise.

For this window, we have

1 sin(%%—%)w
]_ )

W = —
() 2 sin W

which is the Dirichlet kernel.
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(2)

The Bartlett window or the triangular window. The lag window function is given by

1—|zf, if [z[ <1,

w(z) =
0, otherwise.
For this window, we have
W (w) stinzﬁ le—cosﬁ
w) = — = -
r 21 sin? ¢ 2 1 —cosw’

which is the Fejér kernel.

The Daniell window. The lag window function is given by

sin wx if 1zl <1
w(z) =4 ™ 2] <

0, otherwise.

For this window, we have

1 .

5= if |w| <bpw

I
0, otherwise.

The Blackman-Tukey window. The lag window function is given by

1—2a+2acosz, if |z| <1,
w(zr) =
0, otherwise

for some a. For this window we have

Wr(w) = aD(w —brm) + (1 — 2a)D(w) + aD(w + bym)

where D is the Dirichlet kernel. When a = 0.25, this window function is called the
Tukey-Hanning window, and when a = 0.23, this window function is called the Tukey-

Hamming window.

The Parzen window. The lag window function is given by

16z + 6|z, if |z <1/2
w(z) = € 2(1 — |z|)3, if 1/2 < |z| <1,

0, otherwise.

For this window we have

3 qind W

W _GbTSIH p

r(w) = —L .
™ Sin- =5

2
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For more discussions, see Brockwell and Davis (1991, p. 359-362), Hannan (1970, p. 275-280)
and Priestley (1981).

(¢) The theorem shows that by appropriately choosing by and w, the spectral density estimator
f (M), under the assumptions in the theorem, is consistent. Its asymptotic mean square error
is of order b%q + (brT)~!. This implies that that the optimal bandwidth by is given by
br =CT _ﬁ. Then we have that

Jim THEE(F(N) — f(A)? = Oy ’w(” f(r)()\)‘ L + Cof2(\) / w?(z)dz.
— 00 —00
For ¢ > 0, %qzq € (0,1). This implies that by choosing appropriate window function, conver-

gence rates between 0 and v/T could be attained, with the highest attainable rate determined
by the largest g such that > |k|?v(k) < oo holds.

(d) Absolute summability of fourth order cumulants holds when the series satisfies some a-mixing
conditions. See notes after Theorem 2.33.

(e) It is also possible to obtain central limit theorems for spectral density estimator. See Rosen-
blatt (1984) for example.

3.4 Estimating Long-Run Variances

The spectral density estimator could be used to estimate the long-run variance of a weakly sta-
tionary time series. If a central limit theorem holds for a weakly stationary time series {y;}, the
asymptotic variance must be its long run variance J = > 72 (k). It is therefore necessary to

develop an estimator for the long run variance. If we observe y1,y2,...,yr, a naive estimator for
the long run variance is Zz;i(Til) 4(k) where (k) = £ EtT:kH(yt — 1) (ys—r — fr)’ is the sample
average estimator of the autocovariance function. However, just like the periodogram, this naive

estimator is not consistent. To see this point, we assume without loss of generality that y; is mean

zero. Then
T—1 = T
> Ak = T > vt
k=—(T—1) k=—(T—1) t=k+1
WANRS
=7 (Z ye | +op(1)
t=1
. 2
= ( Zyt) + op(1)
Ti=

If a central limit theorem holds for {y;}, then the naive estimator converges to a squared normal
distribution instead of the deterministic value > 72 (k). That is, the naive estimator is not
consistent.

To solve this issue, we utilize the relationship that if {X;} is weakly stationary with absolutely

summable autocovariance function 7(-) and spectral density f(-), then Y 72 ~v(k) = 27 f(0).
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Therefore we may estimate the long run variance of X; by 27 f (0). As long as f is consistent, the

long run variance estimator is consistent.
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4 Linear Processes

Starting from this chapter, we focus on time series of (real) random variables. In this chapter, we
develop a decomposition of a weakly stationary time series, which motivates the study of linear

processes. Before we proceed to the decomposition, we first introduce some theory of Hilbert spaces.

4.1 Hilbert Spaces

We present in this section the theory of Hilbert spaces over the field of complex numbers. This
presentation can be easily accommodated to the case of Hilbert spaces over the field of real numbers.

For proofs of theorems in this section, see, e.g., Rudin (1987, Chapter 4).

Definition 4.1. A complex vector space H is called an inner product space if to each ordered pair
of vectors x and y € H there is associated a complex number (x,y), called the inner product of x
and y, such that

L (y,z) = (z,y).

2. (x+vy,2) =(z,2) + (y, 2) for any z € H.

3. (ax,y) = a(z,y) if a is a scalar.

4. (x,z) > 0 and equality holds only if z = 0.
Notice that the above definition implies that
1. (z,ay) = alz,y).
2. (z,z+y) = (z,2) + (2,y).
We may define ||z||, the norm of the vector z € H, to be

2]l = /(z, ). (4.1)
Theorem 4.2. (The Schwarz Inequality) If H is an inner product space and x,y € H, then
(@, )] < [l [|yll -
Theorem 4.3. If H is an inner product space and x,y € H, then
lz +yll < llzll + llyll-
It follows from the triangle inequality that
o=zl <z —yll+lly—2l  (z,y,2€H) (4.2)

Definition 4.4. Let H be an inner product space with norm ||| defined by (4.1). Inequality (4.2)

suggests that we may define the distance between x and y in H to be ||« — y||. It is easy to verify

9© 2017-2021 by Bo Hu. All rights reserved.
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that with this distance, H is a metric space. If this metric space is complete, that is, if every

Cauchy sequence converges in H, then H is called a Hilbert space.

Theorem 4.5. Let H be a Hilbert space. For any fized y € H, the mappings
= (z,y), = (yz), =z

are continuous functions on H.

Definition 4.6. Let H be a Hilbert space and M be a subset of H. The orthogonal complement
of M, denoted by M+, is the set of all elements 2 € H such that (x,y) = 0 for all y € M.

If (x,y) = 0 for some x,y € H, then we say that x is orthogonal to y, and write z L y.
Theorem 4.7. Let H be a Hilbert space and M C H. Then M* is a closed subspace of H.

Theorem 4.8. Let H be a Hilbert space and M be a closed subspace of H. For any x € H, we
have the followings.

(a) We may uniquely decompose x as
z=Pyr+ Py.x

where Pyyz € M and Py € M+,

(b) Pyrz and Pyyox are the nearest points to x in M and M+, respectively. That is, ||z — Pyz|| =
mingep,, || = yll, [l — Pyoa] = mingep [l -yl

(¢c) The mappings Py : H — M and Py : H — M+ are linear.

(@) |lzl* = [|Parz]|* + | Py

The mappings Py, are called the orthogonal projections onto the subspace M and onto the
subspace M, respectively. Note that the linearity proposition implies that Py =1— Py

4.2 Projections on Spaces Spanned by a Sequence

Theorem 4.9. Let {x,} be a sequence in an inner product space H, and let My, = \/,’f:1 x;. Then
M. is a Hilbert space.

Proof. Tt is easy to see that Mj is an inner product space (inherits from H). Since it is finite-
dimensional, it has an orthogonal basis {e1,--- ,e;} such that |le;]| =1 for all i = 1,---,j. Let
{ye},t =1,2,--- be a Cauchy sequence in M}, and let (a1, - -, oy;) be the coordinates of y; with
respect to the orthogonal basis above.

For any ym, yn in M,
j
||ym - yn” = Z(ams - ans)2-

s=1
Then {y} is Cauchy implies that {ays} is Cauchy for each s = 1,--- ,j. Since the complex plain C

is complete, the sequence {a;s} converges to a complex number, denoted by as for s =1,--- j.
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Let
J
Yy = Z Qg€s.
s=1

It is obvious that {y;} converges to y. Since y € My, My, is complete. Therefore, My, is a Hilbert
space. [

Theorem 4.10. Let {x,} be a sequence in a Hilbert space H, let My, = \/f:1 x;, the closure of the

space of all finite linear combinations of elements in {x,}. Then My is a Hilbert space.

Proof. Let {z,} be a Cauchy sequence in M. Since H is complete, {z,} converges to a point z in
H. Since M, is closed, if z € M, there is an e-ball of z that does not intersect with M. This
implies that all but finitely many points of {z,} should lie in this e-ball, which contradicts with the

assumption that {z,} is a sequence in M. [ ]

Theorem 4.11. Let H be a Hilbert space and {x;},j =1,2,--- be a sequence in H. Let My, k =
1,2,--- and My be defined as in Theorem 4.9 and 4.10. For any z € H, let Z be the orthogonal

projection of z on My, and Z, be the orthogonal projection of z on M,. Then

lim [|2 — 2,|| = 0.
n—o0

That is, {Z,} converges to Z.

Proof. By uniqueness of orthogonal projection, Z, is also the orthogonal projection of Z on M,,.
Since M, is the closure of | J M) and My C Mj,q, then for any 2 € M, there is a sequence
{zn} with z, € M, such that ||Z — z,|| = 0 as n — oco. Since ||Z — z,|| > ||Z — Z.||, it follows that
|2 — 2,]] = 0 as n — oo. [

Definition 4.12. A set of vectors e, in a Hilbert space H, where « runs through some index set

A, is called orthonormal if for all o, 8 € A we have

1, ifa=p,

(e €6) = 0, ifa+p.

Theorem 4.13. If a sequence {e;}3°, in a Hilbert space H is orthonormal, and % is the orthogonal

projection of z € H on \/;2, e;, then % has the representation

00
zZ= E 97;61'
=1

where 0; = (z,e;) and Y 5%, 02 < .

1=1"1
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Proof. Let M,, = span ({e;}}-,) and

n

Zn = Z(z,ei)ei.

i=1
We shall prove that z, is the orthogonal projection of Z on M,. First, notice that z, € M,. For
any e;,j = 1,---,n, we have

n
(2 — zn,e5) = (2, €5) E < (z,€;) ez,e]

n

= <2vej> - Z<zvei><ei?ej>

The third equality follows from that e; L e; if i # j, the fourth equality follows from that Z is the
orthogonal projection of z on \/;2, €; and the last equality follows from that ||e;| = 1.
Now by Theorem 4.11, z,, — £, that is,

n
lim Z Hiei = Z.
n—00

i=1
Then z = Zzoil 9261
Since 2, — 2, and |- is continuous, ||z,|| — ||Z]|. Since ||z,| = Y1, 62, we have
292 lim 292 =12l
The square summability of {6;} then follows from the fact that ||2|| < oc. [ |

Theorem 4.14. Suppose X andY are orthogonal sub-Hilbert spaces of H. Then X +Y 1is a Hilbert

space.

Proof. Let {z;} be a Cauchy sequence in X + Y. Since z; = z; +y; for some z; € X,y; € Y and X

and Y are orthogonal,

| 2m — anQ = ||lzm — anQ + 1| ym — yn||2-

This implies that {z;} is Cauchy only if {z;} and {y;} are both Cauchy. Since X and Y are
complete, {x;} converges to some x € X and {y;} converges to some y € Y. Then {z;} = {x; + y;}

converges to x +y. Since x +y € X 4+ Y, our conclusion then follows. |
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Theorem 4.15. Let X be a subspace of a Hilbert space H and let X be the orthogonal complement
of X in H. Then X is a Hilbert space.

Proof. Let y; be a Cauchy sequence in X+. Then for any = € X, (y;,z) = 0. Since H is a Hilbert
space, {y;} converges to some y € H. Since (-,x) is continuous for all fixed z € H, (y,z) = 0.

Therefore y; — y € X+ and our conclusion follows. |

Note that we did not require that X to be a Hilbert space in Theorem 4.15.

4.3 The Wold Decomposition Theorem

Let the underlying probability space be (€2, F,P). Consider the space L?(2, F,P) of square inte-
grable real random variables on 2. The space is a Hilbert space in the a.s. sense. The inner product
of two random variables &, 7 in this space is given by E&n. For more information, see Billingsley
(1995, Section 19). In this section from now on, we talk about random variables in the P-a.s. sense,
or, in the sense of the usual equivalent classes in L?(§2, F,P).

Now consider a time series {X;} such that 0 < EX? < co. {X;} could be viewed as sequence
of points in the Hilbert space L?(Q,F,P). Let H,(X) = m, H(X) = m, and
H_oo(X) = N> __ H.(X). Note that this space is closed. For any £ € H(X), let £ be the
orthogonal projection of £ on H_o(X). Then we may write £ = E+ (& — é) This implies that we
may write

H(X) = H_o(X)® R(X)
where R(X) = {¢ — £|¢ € H(X)}.

Definition 4.16. A weakly stationary time series X = {X,} is called deterministic if H(X) =
H_(X), and is called purely non-deterministic if H(X) = R(X).

If X is a deterministic series, then the whole series is completely predictable with certainty from

an arbitrary distant past. In this sense we are using the word “deterministic”.

Theorem 4.17. Let X = {X;} be a weakly stationary time series. Then it has a decomposition
X; = X8+ XP such that X4 = {X{} is deterministic and XP = {X}} is purely non-deterministic.
Also, EX{XE =0 for any s,t.

Proof. Let X{ be the orthogonal projection of X; on H_(X), and let X/ = X; — X! for all ¢.

Since X? 1 H_o(X) for all t, we have H_o(X?) L H_(X). On the other hand, X} € H,(X),
then H, (X}) € H,(X), then H_o(X?) C H_(X). We then have H_.,(X?) = {0}. This implies
that XP is purely non-deterministic.

Since H,(X) C H,(X% @ H,(XP), and H,(X?%) C H,(X), H,(X?) C H,(X), we have that
H,(X) = H,(X%) @ H,(XP). We therefore have H_.(X) C H,(X%) ® H,(XP) for all n. Since
Since XP | H_o(X) for all t, we have H_(X) C H,(X?) for all n. This implies that H_..(X) C
H_ (X% c H(X?). Since X{ € H_o(X) for all , we have H_(X%) C H_»(X). This implies
that H o (X) = H_(X?) = H(X?). This shows that X¢ is deterministic.
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Since for each t, XI | H_o(X) = H(X?), we have that EX# X% = 0 for all ¢, s. [ |

Definition 4.18. Let X = {X;} be a weakly stationary time series with positive variance. A
random sequence ¢ = {e} is an innovation sequence for X if € is a unit variance white noise
process and Hy(X) = Hy(e) for all ¢.

We may understand the innovation ;41 as the new information to H;(X) that is need to form
Hiq(X).

Theorem 4.19. A weakly stationary time series X = {X;}iez with positive variance is purely
non-deterministic if and only if there is an innovation sequence € = {&;}1c7 and a sequence of real

numbers {a }ren with Y 5o a2 < oo such that
oo

X = Zakﬁt—k a.s..
k=0

Proof. Necessity. Write Hy(X) = H;—1(X) @ B,. Obviously, B, has dimension either zero or one.
However, if B; has dimension zero, then by stationarity Bs has dimension zero for all s € Z. This
then implies that H;(X) = H(X) for all ¢, s, and consequently H(X) = H_.(X), contradicting
with the assumption that X is purely non-deterministic. Therefore, the dimension of B; is one,
and we therefore let ¢; be an element in B; such that EE? = 1.
For any ¢, we have
Hy = Hy (X)) ® Bi—jpt1 @ - ® B

Note that €;—g+1,...,&¢ is an orthogonal basis in By_x+1 & - - - @ B; and we therefore may represent
k-1
Xi = Z aig—i + m1(Xy)
i=0

where 7, is the orthogonal projection onto H;_;(X), and a; = EX;X;_;. Note that a; is inde-
pendent of ¢t because X is weakly stationary. Since {e;—;}3°, form an orthonormal sequence, by
Bessel’s inequality we have that » >, a? < oo. Therefore Y 2 a;e;—; converges in mean square,
and we only need to show m;_x(X¢) =72 0 as k — oo.

Without loss of generality we may just consider the case t = 0. Write

k

m_f = To + Z(Wﬂ' —T_it1)-
i=0

The k + 1 terms in the right hand side of the equation are orthogonal, we then have

2
= |lm—(Xo) — 70(X0)||* < 4EXG < oo,

k

k
D i = 7o) (Xo)|* = H (Z(W—z‘ - 7T—z'+1)) (Xo)
=0

=0

then limy_ o m_;(Xo) exists in mean square. Since w_g(Xo) € H_i(X) for each k, H_p(X) is
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decreasing in k, we therefore have m_4(Xo) € H_p(X) for all s > k. Since H_j(X) is closed,
we have limg oo m—5(Xo) € H_k(Xp). Since this holds for all &, we have limg_ o 7_;(Xo) €
Ni>o H-x(X) = H_o(X). Since X is purely non-deterministic, H_(X) = {0}. Therefore we
have i k(X¢) =2 0.

Sufficiency. Let X = {X;} satisfy the representation. Then H:(X) C H;(e) and therefore
H_(X) C Hy(e) for all t. Since 441 L Hy(e), €41 L H_o(X). This then implies that H(e) L
H_(X). By the representation, ¢ is a orthonormal basis in H(X). It then follows that H_(X) =
{0}, which implies that X is purely non-deterministic. It is easy to show that this series is weakly

stationary, and because it is non-deterministic, it must have variance greater than zero. |

It follows from the proof of the theorem that X is a purely non-deterministic weakly stationary

time series if and only if it admits a representation
[e.e]
X = Z akEt—k
k=0

where € is a white noise process not necessarily satisfies Hy(X) = H;(€). Therefore, the above
theorem gives a stronger result in terms of the necessary condition.

Now we obtain a full version of the Wold decomposition.

Theorem 4.20 (Wold Decomposition). Let X = {X;}iez be a weakly stationary time series with

positive variance. Then we may represent

oo
Xt = Z apEi—k + Wt
k=0

where W = {Wi}iez, is deterministic, € = {e;}ez is an innovation sequence, and Y o a,2f < 0.

4.4 Linear Processes

The Wold decomposition theorem justifies the study of an important class of processes called linear

processes. A process { Xy }ieyz is linear if it takes the form of
o0
Xt = Z (Z)Z‘Et_i (43)
i=0

where &; ~ WN(0,02). We usually need to impose some restrictions on the coefficients ¢;. One

frequently used restriction is square summability:

oo
Z $? < oo.
=0
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Sometimes we also work with the absolute summability condition

oo
=0

which is slightly stronger than the square summability condition.

Before we proceed, we show that such X; is well defined in some probabilistic sense under the
square summability condition. We shall show the right hand side of (4.3) converges in mean square
to some random variable under the condition. Note that in the Hilbert space of L%(, F,P) of
square integrable random variables, convergence is given by the Cauchy criteria. That is, we need
to show that

m n 2
E (Z Pi€t—i — Z ¢z‘€t—z’> — 0
i=0 =0

as m,n — oo. This is obviously the case given square summability of ¢;. Therefore, Y 72 dier—;
converges in mean square to some random variable, which we denoted by Xj.
It is easy to show that for k > 0,

x(tt—k) =0 dirrdi,
i=0
which is well defined under square summability of ¢; since
oo /2 /o 1/2
<(z4) (24) -
i=k i=0

and is independent of the time ¢. Therefore, under the square summability condition, {X;}iez is

> Gisndi
i=0

well defined in the mean square sense, and is weakly stationary.

Now
oo o0 oo oo o o 2
STEN DD ikt <D 1dil D ikl < (Z|¢i|) :
k=0 k=0 i=0 i=0 k=0 i=0

Therefore, the autocovariances are absolutely summable under the absolute summability of ¢;. By

our results in Section 2.3, the absolute summability of ¢; is sufficient for that
1 I
T > X, - EX; =0.
t=1
4.5 The Lag Operator

A time series operator transforms one or multiple time series into a new time series. Suppose we

have two time series {x;}1ez and {y:}tez. The scalar multiplication operator x — ax for some
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o € R transforms a time series into a new one:

a{xi}iez = {axi biez.

The addition operator + transforms the two time series into a new time series:

{xi ez +{yt ez = {2t + Yt hez.

There is a very frequently used operator in time series econometrics which transforms a time
series

5L —1,L0, L1, L2, L3y " "+

to

C L2, T—1,T0, L1, L2, """ -

Such an operator is called a lag operator, and is usually denoted as L. Written formally, we have
that

L{zi}iez = {wi-1}icz.
We usually use Lz; to denote the time-t element of the transformed series L{x;}cz. Then Lz
should be understood as (Lx); where © = {z;}1cz. With this definition, we have Lxy = x¢_1.

Let x = {z}1ez and y = {y: }1ez be two time series whose elements are random variables. Let
a € R. Then

Lz +y) = L{zi +y} = {we-1 + 1} = {ze—1} +{y—1} = Lz + Ly,
and
L(az) = L{ax,} = {ax—1} = a{x—1} = aLx.

Therefore, we have
L(ox +y) = aLxz + Ly,

or in element-wise format,

L(ax: +y) = axi—1 + yi—1.

This shows that the lag operator is a linear operator.

For any d > 0, we write L% = L(L% 'z). Using this notation, we have, e.g., L2z, = L(Lx;) =
x¢_o. We define L™! to be the inverse of L, that is, if L™z =y, then Ly = x. It is easy to see that
L'z = 24,1, and we define Lz = L=Y(L4'z) for d < 0.

It is easy to show that for any «, 5,7, € R and p,q € Z,
(a+ BLP)(y 4 0LY) = ay + ByLP + ad L7 + BSLPHD,

This calculation could be generalized and it is easy to see that the basic rules of algebra apply to
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polynomials of the lag operator.

Using the lag operator, we may write a linear process as

oo
Xt = Z @i L'y,
i=0
or
Xt = qb(L)St
where

(L) = Z oi L.
=0

Note that up to this point, ¢(L) as an infinite sum is a “formal expression”. It makes sense only
when it is applied to a time series. The next section shows that ¢(L) itself could be viewed as a

power series of the lag operator under certain circumstances.
4.6 Linear Filters
Suppose {X;}iez is a time series, and {Y;} is generated by
oo
Yi= Y ¢iXi,
1=—00
then we say that {Y;} is obtained by applying the linear filter ¢(L) = > o0 ¢:i L' to {X¢}.

Theorem 4.21. Let {X;}iez be a sequence of random variables and ¢(L) = > o0 ¢ L', If
S ol < 0o and sup, EX? < oo, then ¢(L)X; converges in mean square. If in addition {X,}

1=—00

is weakly stationary, so is {¢(L)X;}.

Proof. The mean square convergence follows from the Lebesgue’s dominated convergence theorem

and

T T
E (¢(L)X;)” = lim E D> didiXiX;

i=—T j=—T

It is easy to check that when {X;} is weakly stationary, the covariance function of Y; = ¢(L)X; is
given by

wk)= Y > dibpyx(i—j+k),

1=—00 j=—00
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where 7yx is the autocovariance function of { X;}. Note that the right hand side of the above equation
converges absolutely since |yx (k)| < vx(0) for all £, and ¢; is absolutely summable by assumption.

The covariance function is independent of ¢, which implies that {Y;} is weakly stationary. [

The above results shows that for two linear filters ¢(L) = Y00 ¢; L and (L) = > 50 ;L
with D272 |éi] < oo and > 2 || < oo, if {X;} is weakly stationary, then {¢(L)¥ (L)X} and

{(L)p(L)X:} are well defined and are weakly stationary. Also, it can be shown that
PL)P(L) Xy = (L)p(L) Xy = n(L) Xy,

where

e}
n= > 6L

1=—00

mi= Y, okbik= Y Urbik

k=—0oc0 k=—o0
Linear operators with absolutely summable coefficients inherit algebraic properties of power series.
Now consider ¢(L) = 322 ¢; L’ such that ¢(z) # 0 for all |2| <1 on the complex plane. Then

there exists € > 0 such that 1/¢(z) has a power series expansion

1 >
ek Z; i = ¢(2)

for |z| < 1+e. This implies that ¢;(1+¢€/2)" — 0 as i — oo, which in turn implies that there exists
C such that |¢;| < C(1+€/2)7" for all i. As a consequence, > oo i |p;| < oo.
By construction, ¢(2)¢(z) = 1 for |z| < 1. Since linear operators with absolutely summable

coefficients inherit algebraic properties of power series, we have
e(L)p(L) Xy = X

Therefore, we may view ¢(L) as the inverse of ¢(L). That is, ¢~ ' (L) = ¢(L). The inverse exists
if p(z) # 0 for all |z| < 1.

4.7 The Beveridge-Nelson Decomposition

The Beveridge-Nelson decomposition is an important tool in studying linear processes. To develop

the decomposition, write

$(L) = il
i=0

= ¢i— > (¢ — ¢l
i=0 i=1
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:Z¢i_z¢i(1—L)(1+L+L2+_,,+L171)
i= i=1

=o(1)~(1-L)) | > ¢|L"
i=0 \j=i+1

For the latter part of the last line to give a well defined linear process, we need

2

o0 o0
Z Z qu < 0.
i=0 \j=i+1

This is the case if > ;7 j2¢]2. < o0. See Phillips and Solo (1992) for details. Furthermore,

D0 |2 eit1 ¢j‘ < oo if 3775 j[¢;] < oo
Given »-%, j2¢? < 00, we may write

X = ¢(1)5t - (Xt - Xt—l)

where X, = Yo bict_i, b = Z;’;H_l ¢;. Note that {X,} is a stationary linear process. The above
decomposition, first introduced by Beveridge and Nelson (1981), is called the Beveridge-Nelson

decomposition or the permanent-transitory decomposition of the linear process {X,}.

4.8 Asymptotics for Linear Processes

The Beveridge-Nelson decomposition could be used to obtain asymptotics for linear processes. This
approach was developed by Phillips and Solo (1992). The law of large numbers for linear processes

has been given in Section 4.4. Given ) ;2 jQQZ)Z2 < 00, we have

Note that .

VT

we have a central limit theorem for {X;} as long as we have a central limit theorem hold for

(X7 — Xo) = Op(1/VT),

{et}. Readers may wish to consult Section 2.2.2 for a variety of central limit theorems frequently
used in econometrics. For example, under the iid assumption or mds assumption with appropriate

regularity conditions, we have

T 00 2
ZXt —a N(0,¢*(1)0®) =4 N | 0, (Z@) o’
-1 =0
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5 Stationary ARMA Processes

5.1 Moving Average Processes

The Wold decomposition theorem implies that any pure non-deterministic weakly stationary process
can be represented as an infinite order moving average process. However, since it is impossible to
fit an arbitrary infinite order moving average process with finite number of data points, we further
approximate infinite order moving average processes by finite order moving average processes.

A g-th order moving average process { X}, denoted by MA(q), is given by
Xi=p+er+ 0161+ bogpo+ -+ 04514

where g, ~ WN(0, 02). Taking expectations on both sides, we have EX; = y. Then the demeaned
process {X; — u} is just a special case of the linear process introduced in the previous chapter.
For any choice of the parameters 61,...,6,, they are absolutely summable. So an MA(q) process
inherits directly all the properties of linear processes. As a consequence, {X;} is weakly stationary,

and its autocovariance function is given by (taking 6y = 1)

—|k
2S00, . K < g,
0, |k| > q.

v(k) =

In particular, we have
Var(X;) = (1467 + 63 + -+ 62)0>.

Since the condition Y 7 _i[0;] < oo (which implies > 7 ]6;| < o) is always satisfied, we have
that

1 X
T ZXt _>P L,
t=1
and
1 I
ﬁZ(Xt — ) =a N(0, (1 + 601+ +0,)%0?)
t=1

under appropriate assumptions on {e;}. (For example, if we assume that {e;} is an iid sequence.)

5.2 Autoregressive Processes

Another class of linear process is the autoregressive process, which connects the present value of the
time series variable with its past values in a linear way. A p-th order autoregressive process {X;},
denoted by AR(p), is given by

Xi=ctauXi1+Xi o+ +0pXp—p + &4 (5.1)

9© 2017-2021 by Bo Hu. All rights reserved.
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where ; ~ WN(0, 02).

If a weakly stationary economic time series really behaves as in equation (5.1), i.e., the economic
variable X; interacts with its past values in the linear way specified in (5.1), then it means that the
equation (5.1), viewed as a stochastic difference equation in X}, should have a sensible solution. To

see when this is the case, we first consider the simplest AR model given by
Xy =aXi 1+¢g

where {e;} is a white noise process.
Suppose || < 1. We first show that the AR(1) model has a weakly stationary solution. Consider

the proposed solution
o0
Xt* = Z aiz—:t,i.
i=0

Since |a| < 1, by our discussion in the previous chapter, this proposed solution is well defined in
the mean square sense, and is weakly stationary. It is also easy to check that it actually solves the

difference equation in the sense that
o o0
X;k — Oth*_l = E OtzEtfi — E o/st,l,i = &t.
=0 =0

That is, we have found a weakly stationary solution. To show that this is the only weakly stationary
solution, we iterate backward the difference equation. Any solution { X} to the difference equation
should satisfy

X, =e+ag_1+--+ aFer i+ akHXf_k_l.

Then by triangular inequality,

k k
17— Xl = X7 Yzt Y e - X;
1=0 =0 L2

k k
< || X7 - E a's||  + E a'ep; — X{
=0 12 =0 12
k
_ k+1 o i ) *
= oM THIXE e+ | Do = X
1=0 L2

for any k£ > 0. By definition of X}, HZ;C:O ales_; — XZFHH — 0 as k — oo. If {X7} is weakly
stationary, then HXtO—k—1HL2 = IEXffk_l < 00. This then implies that the right hand side of the
above equation converges to 0. This in turn implies that ||X; — X7||;2 = 0, that is, X = X in
mean square sense. This shows that X; = >"°°  a’e;_; is the only weakly stationary solution (in
the mean square sense) to the AR(1) difference equation. Note that the above statement does not

rule out the possibility that there are non-weakly stationary solutions to the difference equation.
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For example, it is easy to verify that X; = of + Yo a'e;_; is a solution to the difference equation.
However, {X;} is not weakly stationary.

Now consider the case that |«| > 1. Apparently,

oo
X = E aler_;
=0

is not a well defined solution (in mean square sense) in this case, and it cannot be weakly stationary.

However, by similar arguments, we can show that

o0

X =— Z éﬁtﬂ
i=1
is the only weakly stationary solution to the AR(1) difference equation.

It can be shown that if || = 1, the AR(1) difference equation does not have any weakly
stationary solution.

If we give ¢ the interpretation as an index for time, then in the case |a| > 1, the weakly
stationary is determined by the future innovations {e;}s~¢. This is unnatural in terms of causality.
Therefore, we focus on models in which the solutions are causal, meaning that the solutions can be
expressed as functions of past and current variables but not future variables.

According to the above discussion, if we want an AR(1) model to have a causal weakly stationary
solution (the solution turns out to be unique), we need to restrict a to be smaller than one in
absolute value.

Now we come back to the general AR model (5.1) and ask when the model has a causal weakly
stationary solution. The following theorem, which is a corollary of Theorem 5.2, answers this

question.

Theorem 5.1. Let {X;} be an AR(p) process given by (L)X = ¢ + ¢4 where (L) =1 — oy L —
aol? — - a,LP and er ~ WN(0,0%). If a(z) # 0 for all |z| < 1, then {X:} has a unique causal

weakly stationary solution given by
c oo
Xe=a(L) Hete) = a(l) +> et
=0

where Y220 piz" is the power series expansion of a~1(2), and Y524 |pi] < oc.

Liitkepohl (2005) calls a process stable if it satisfies the condition that a(z) # 0 for all |z| < 1.
It is worth noting that the AR(p) model, even with the stability condition, does allow for other
solutions that are not causal and weakly stationary. However, it only allows for a unique solution
that is causal and weakly stationary.

From the above theorem, we have that for a weakly stationary AR(p) process {X,}, its expec-
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tation is

The AR process has a demeaned representation:
Xe—p=01(Xpm1 —p) +aa(Xe—o —p) + -+ ap(Xe—p — 1) + &4

Since the solution is causal, X; is uncorrelated with ¢ for any s > t. We therefore can multiple
both sides of the above equation by X;_r — u for some k£ > 1 and take expectations. We then
obtain the Yule- Walker equations of the AR(p) process:

v(k)=oy(k—1)+axy(k—=2)+ -+ opy(k—p), k=1,2,---,

where 7y(+) is the autocovariance function of {X;}. Dividing both sides by v(0), we get the Yule-

Walker equations for the autocorrelations:
p(k) = o1p(k = 1) + azp(k = 2) + -+ app(k —p), k=1,2,---.

The Yule-Walker equations could be used to calculate the autocorrelations of AR(p) processes. For

example, for an AR(2) process given by X; = ¢+ a1 X1 + aa X9 + €4, we have

EXj=——
1—oa1— a9
Also, p(1) = a1p(0) + azp(—1). Since p(0) = 1, and p(—1) = p(1), we have p(1) = 2. Given
p(0) and p(1), we may calculate p(k) for any k using the Yule-Walker equations.
Note that from the theorem above, the demeaned AR(p) process is a pure non-deterministic
linear process with coefficients satisfying the summability condition for the Beveridge-Nelson de-

composition. Therefore, {X;} has absolutely summable autocovariances, and as a result,

1 T
T ZXt _>p My
t=1

and under appropriate conditions of ¢; (for example, g; ~ iid),

1 T o?

2

Note that, by the arguments in Section 2.3, Y 7o (k) = ag—(l)
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5.3 ARMA Processes

The ARMA model contains both an autoregressive part and a moving average part. If {X;} follows
an ARMA (p, ¢) model, then

Xi=cta Xi1+ -+ opXi—p+e+0g—1 + -+ 0451,
where g, ~ WN(0,02). We could also write it as
a(L)X; =c+0(L)s (5.2)

where a(z) =1 — a1z — - —pzP and 0(2) =1+ 012+ - - - + 0,27

Theorem 5.2. Let {X;} be an ARMA (p,q) process given by (5.2), and assume that the two poly-
nomials o(z) and 0(z) have no common zeros. If a(z) # 0 for all |z| < 1, then {X:} has a unique

causal weakly stationary solution given by

X, =a Y (L)(c+0(L)e) = ﬁ +Y piee
=0

0(z oo -
a((z)), and Y 2 i |gs] < oo.

where Y .2 ;2" is the power series expansion of

Proof. Suppose that a(z) # 0 for all |z| < 1. According to Section 4.6, we may apply o~ '(L) to
both sides of (5.1) and all the results follows. Note that uniqueness comes from the invertibility of

a(L) with respect to the class of weakly stationary series. |

When «(z) and 6(z) have common zeros, if the zeros are outside the unit disk, and the reduced
ARMA process (by canceling the common factors in a(z) and 6(z)) satisfies the conditions in
Theorem 5.2, then all the arguments in the proof of Theorem 5.2 go through, and the results
still holds, with a(L) and 6(L) replaced with their reduced version. In fact, if none of the common
zeros are on the unit circle, then the ARMA process has a unique causal weakly stationary solution.
However, if there is some common zeros that are on the unit disk, the ARMA process may have
multiple causal weakly stationary solutions, even if the reduced ARMA satisfies the conditions in
Theorem 5.2. For identification, we shall work with models in which «(z) and 6(z) have no common
zeros. See Theorem 5.3 and the remarks following it.

The mean of the ARMA process (5.2) is given by

and the model could be written in the demeaned version:

Xi—p=o1(Xeq —p) 44 ap(Xi—p — ) + 6 4 O16r1 4 -+ Ogiq-
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The Yule-Walker equations are given by
(k) =ary(k=1) +agy(k=2)+ -+ (b —p), k=q+1,q+2,---.

We may solve the Yule-Walker equations (which are some homogeneous p-th order linear dif-

ference equations) and obtain the general solution

n m;—1
Yk =D rklzt, k> max(p,g+1) —p,
i=1 j=0
where z;,7 = 1,2,...,n are the distinct zeros of a(z), m; is the multiplicity of z; so that Zle m; =

p, and 7;; are some constants that could be determined by the boundary conditions. See Brockwell
and Davis (1991, Section 3.3 and 3.6) for details. It can be seen that the covariance function of
a causal ARMA process is a sum of some geometrically decaying terms, which implies that causal
ARMA processes (and hence AR and MA processes ) have geometrically decaying autocovariance
functions as the lag k goes to infinity.

Similarly as the AR model, for a causal weakly stationary ARMA(p, q) process satisfying con-

ditions in Theorem 5.2,
1 X
f Z Xt —>p L,
t=1

and under appropriate assumptions on {&;},

~

1 & 62(1)
7 D (Xi—p) =N (0, a2(1)02> .

t=1

Note that >"22 (k) = 222((3 o,

The ARMA process (5.2) is said to be invertible if {¢;} can be represented by
oo
ee=Y Vi(Xii—p)
=0

with % [9;] < oo. Naturally, if «(z) and #(z) have no common zeros, and 6(z) # 0 for all |z| <1,
then we may apply 6~ !(L) to both sides of (5.2) and obtain

ee =071 (L)a(L)(X¢ — p).

Similarly, = (z)a(z) has a power series representation with absolutely summable coefficients. That
is, the ARMA is invertible.
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5.4 The Autocovariance Generating Function

Let { X} be a weakly stationary process with covariance function (+). Its autocovariance generating

function is defined as

k=—00

provided that the power series converges for %

< |z| < r with some r > 1. If we know the
autocovariances, we can calculate the autocovariance generating function. On the other hand, if
we know the autocovariance generating function, we can back out the autocovariances by looking
at the coeflicients of the power series.

It is obvious that a process is white noise if and only if its autocovariance generating function is
constant. In this case, the constant is equal to the variance of the process. For X; = > dier—;

where e ~ WN(0,02) and > __[¢] < 0o, we have that (k) = 0 Y72 dich;4 4 Then

Gz)=0" Y Y bidirz"

k=—o00t=—00

= o’ < RIS ¢i¢i+k<zk+z"“>>

1=—00 k=1i=—o00

(%S) ')
(X e | X e

1=—00 Jj=—00

= 0’p(2)p(z 7).

For a causal ARMA(p, q) process {X;} given by a(L)X; = ¢ + 0(L)ey, it can be written as
Xy = u+ Z?io ¢;iet—; where Z?io Gizi—i = %. Then its autocovariance generating function is

given by

5.5 Non-Causal and Non-Invertible Stationary ARMA Processes

In this section we give a brief discussion of non-causal and non-invertible stationary ARMA pro-
cesses. We use a well-know result in complex analysis that for a finite order polynomial ¢(z) such

that ¢(z) # 0 for all |z| = 1, its reciprocal admits a Laurent series expansion given by

¢(z)"h = 'Z Pzt =1(2)

1=—00

where the Laurent series converges absolutely on r~! < |z| < r for some 7 > 1. In particular,
Yoo o il < oco. The difference between the case discussed here and the case in which the

polynomial has roots only outside the unit circle is that the expansion of the reciprocal is now a
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two-sided infinite series.

Theorem 5.3. Let {X;} be an ARMA (p,q) process given by (5.2), and assume that o(z)0(z) # 0

for all |z| = 1. Then {X;} has a unique weakly stationary solution given by

X; = a(L) e+ 0(L)e;) = a(cl) + Z Pi€t—i

1=—00
where Y22 ;2" is the Laurent series expansion of %, and Y 2 lpil < oo.

Proof. The solution given in the statement of the theorem is obviously weakly stationary. Also,
by applying «(L) on both sides of solution, we may easily verify that it is indeed a solution to
the ARMA equation. To show uniqueness, suppose that {Y;} is also a stationary solution to
the ARMA equation. Then we have a(L)(Y; — X¢) = 0. By the stationarity of {Y; — X;} and
therefore the stationarity of {a(L)(Y; — X;)}, we may apply the operator a(L)~! on both sides of
a(L)(Y; — X¢) = 0, which gives Y; — X; = 0. [

We allow for common zeros in the above theorem, as long as the polynomials do not have roots
on the unit circle. The uniqueness of the stationary solution is not affected by common zeors.
This implies that in the case of common zeros, as long as there is no roots on the unit circle,
the ARMA representation that contains common zero gives the same weakly stationary solution
as the ARMA representation obtained by cancelling the common factors. However, if there is at
least one common zeros that lie on the unit circle, then the ARMA equation may have more than
one weakly stationary solution. To give an example, let {X;} be the weakly stationary solution
to a(L)X; = 6(L)e; where a(z) and 0(z) have no roots on the unit circle. Let |z9| = 0. For any
mean-zero random variable A uncorrelated with {X,}, it is easy to verify that {X; + Az}} is a
weakly stationary solution to the ARMA equation (1 — zoL)a(L)X; = (1 — 29L)0(L)ey.

We next give a theorem that transforms an arbitrary stationary ARMA process into a causal

and invertible one.

Theorem 5.4. Let {X;} be an ARMA(p,q) process given by (5.2), and assume that o(2)0(z) # 0
for all |z| = 1. Then there exists polynomials &(z) and 0(2) of order p and q, respectively, a constant
¢, and a white noise process {e} such that &(2)0(z) # 0 for all |z| <1 and that

a(L)Xy =&+ 0(L)e;.

Proof. Without loss of generalizty we may assume that X; is mean zero (i.e., ¢ = 0). The general-
ization to the non-mean-zero case is obvious.
Assume a(L)X; = 6(L)e;. Let the zeros of a(z) be a1, as, ..., a, such that a, 11, ar42,...,a, are

the zeros that lie in the unit circle. Let the zeros of §(z) be b1, ba, ..., by such that bey1,bsr2,...,b,
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are the zeros that lie in the unit circle. Define

1—a;z ~ 1—1b;z
a(z) = a(z) H 7,11 and  0(z) = 0(2) H 7,11
risp 1 T 7 sxizp Ll b %

Note that all roots of &(z) and 0(z) lie outside the unit circle. Now define

a(L) 1—a;L 1-b 'L
Y= X, = — = ———
R TTAR 11 1—a; 'L 1l 5= bl |

r<i<p s<i<p

The autocovariance generating function of ¢} is given by

1—a;z 1—a;z" 1 1-bt2 1—b 11
Ger(2) = || -7 || e ” i S ” Sl A,
t _ g1 _ 4,1 -1 _}. .1
plicpl T 2 plicpl T 2 s<i<p 1—biz s<i<p 1= bz

- H a? H v | o2,

r<i<p s<i<p
which is constant. Therefore, {e}} is a white noise. And by construction, &(L)X; = 6(L)e;. [

We shall point out here that in general ¢; and e} have different variances. Also, {¢}}, which is
constructed by applying a linear filter on {e;}, could be dependent even if {;} is an iid sequence.

The above theorem shows that that for any weakly stationary ARMA process without roots on
the unit circle, we can always find a white noise process {e; } such that the ARMA process has a
causal and invertible ARMA (p, ¢) representation with respect to this new white noise process. Also,
we may conduct similar procedures to a causal and invertible ARMA (p, q) process to obtain its
non-causal and /or non-invertible representations. Therefore, an ARMA process could have multiple
representations, each represents the process equally well (in the sense of characterizing the first two
moments of the series.) However, for practical reasons, most of the time we shall only focus on
ARMA processes that are both causal and invertible. The white noise process that corresponds
to the causal and invertible representation of a series {X;} is called the fundamental innovation

process of {X;}.

5.6 Spectral Densities of ARMA Processes

Theorem 5.5. Let {X;} be a mean-zero, complex-valued weakly stationary process with autoco-

variance function vx and spectral distribution function Fx. Let

Vi=¢(L)Xi= > ¢;X

j=—o00
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where ¢p(z) = Y2 ¢z and > oo ldjl < 00, then {Yi} is weakly stationary with autocovari-

j=—00
ance function

wk)= Y > brdyx(k+s—r),

and the spectral distribution function

A

Fy(\) = / l6(e=)|? dFx (v).

Proof. Obviously, EY; = 0 for all t. We may follow the proof of Theorem 4.21 to show that

oo o
EY;E?Vt—k = Z Z ¢r€557X(k +s =),
r=—00 §=—00
which is independent of ¢. This show that {Y;} is weakly stationary.

Also, we have

’VY(k) = Z Z ¢T$S’YX(]€+S_T)

T=—00 §=—00

=Y Y [ eMnar

™
r=—00 §=—00 -

_ /;TI' ei)\k ( Z ¢Te—i/\r> < Z &Sei)\s> dFX(/\)

r=—00 §=—00

_ / 7; ey jqﬁ(e%)f dFx ().

It is then easy to verify that
A
NP
Fy(\) = / |p(e™)|" dFx (v).

—T

In the setting of the above theorem, if fx is the spectral density of {X,}, then the spectral
density of {Y;} is
2 4 .
Fr ) = 6™ B3 = o(e™M)s(e™) fx (V).

We call the function A\ +— ¢(e™*) the transfer function of the filter ¢(L), and the function \ +
|q§(e*i)‘)}2 the power transfer function of the filter.
It is easy to see that a white noise with variance o2 has a constant spectral density % From

the above theorem we can easily show that that if {X;} is a causal ARMA process given by
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a(L)X; = ¢+ 0(L)e; where e, ~ WN(0, 02), it has a spectral density

o2 0(e=M)0(e?) _ 072 ‘9(6*”‘)

2 ale=Male) 27 a(e=i)[*

‘ 2

For weakly stationary processes {X;} with absolutely summable autocovariances, we have that
f(0) = =352 (k). This implies that the long-run variance of {X;} is given by 2 f(0).

Let {X;} be a weakly stationary time series with autocovariance generating function Gx(z) and
spectral density fx(A). Let Y3 = ¢(L)X; where ¢(L) = > 50 ¢ L with Y 00 |#4] < co. With

a completely similar argument as in Section 5.4 we may show that

Gy (2) = d(2)¢(z1)Gx(2)

where Gy (2) is the autocovariance generating function of {Y;}.
Now we state a approximation result. Using the fact that trigonometric polynomials are uni-

formly dense in the space of continuous even function on [—m, 7|, we have the following result.

Theorem 5.6. If f is a symmetric continuous spectral density function on [—m,w|, then for any
€ > 0 there exists a p-th order polynomial a(z) = 1+ a1z + --- + apz? whose coefficients are real

and whose zeros are strictly outside the unit circle such that

sup
AE[—m,7]

A ‘a(e_“‘)’2 - f()\)‘ <€

ST fw)dv
2r(1+af+-+a2)"

For the proof of the theorem, see Brockwell and Davis (1991, p. 130). With the above theorem

we may conclude immediately the following approximation result.

where A =

Theorem 5.7. If f is a symmetric continuous spectral density function on [—m, 7|, then for any

e > 0, there exists an invertible MA(q) process
Xi =g +a16p-1+---+ AqEqy Et ™~ WN(O, 0'2)

with spectral density fx such that

sup |fx(A) = f(N)] <e
AE[—7,7]

2 fjﬁ f(v)dv
where 0° = e e

It is straightforward to show that if {X;} and {Y};} are two independent weakly stationary time
series with autocovariance generating functions Gx(z) and Gy (z) and spectral densities fx(\)
and fy (M), then the series {Z;} = {X: + Y3} has autocovariance generating function Gz(z) =
Gx(z) + Gy(z) and spectral density fz(\) = fx(A) + fy(A).
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We also have an approximation result using AR processes.

Theorem 5.8. If f is a symmetric continuous spectral density function on [—m,n|, then for any

e > 0, there exists a causal AR(p) process
Xe=a1 X1+ + apthp +e&t, & WN(O, 0'2)
with spectral density fx such that

sup [ fx(N) = FV)] < e

AE[—m,7]
Proof. Let f¢(\) = max{f(}\), §}. Then we have f¢(A) > § and [f(X) — f{(A\)| < §. Fix 0 <6 < §.
Then there exists a polynomial a(z) =14 a1z + - - + a,2P whose coeflicients are real and whose

roots are outside the unit disk such that

A‘ (‘“)]2 ! ‘<5
sup ale -
Ae[—m,7] f6<)‘)
where A = #ﬁ% Then we have A ‘a(e‘”)‘? > 7. Now we have
1 ‘A}a(e_w\)‘? - fe%)\)‘
Sup |-y — ff\)| = sup SR < 8d€2.
selonal | Ala(e=) selonal Ala(e™)P 7
Therefore,
s ! fO)| < 86€* + 0
up |y -
el—m) | Ala(e=)? 2

We may choose § small enough so that the right hand side of the above inequality is smaller than

€. Note that W is the spectral density of the process a(L)X; = €4, ~ WN(O, 2%) We
a(e™"*

therefore have found the desired AR process. |

Now we show that an ARMA process with a unit root cannot be stationary.

Theorem 5.9. If ¢(z) and 6(z) are polynomials with no common zeros and if ¢(z) = 0 for some
|z| = 1, then the ARMA equation ¢(L)X; = 0(L)et, e ~ WN(0,0%) has no weakly stationary

solution.

Proof. Let the unit root of ¢(z) be zp. We may pick A = \g so that e~*0 = z;. Since ¢(z) and ()
have no common zeros, |9(e_i’\°)‘ # 0. We denote this non-zero value by 6y. Since - — ‘G(e_i')}
is continuous, we may choose ¢y > 0 such that ‘H(e*i/\ﬂ2 > %90 for all A € [Ag, Ao + €. Since
p(e=0) = ¢(e*) = 0 and both |¢(e~*)| and |p(e™*)| are continuously differentiable, there exists
C such that |¢(e~*P0+9))| < Ce and |p(e!*0+9))| < Ce for all € € [0, €]
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Suppose the ARMA equations have a weakly stationary solution {X;} with spectral distribution

function F. Then we have
Ao+e Ao+e€ 2
—ivy |2 —ivy[2 9
/ |p(e™™)] dF(V)—/ [6(e™)[" 5-dv
)\0 /\O m

for any € € [0, €g]. This implies that

Ao+e€ 9 2
/ C22dF(v) > 27 °.
A

0 A7

This implies that
Opo?
ArC2e

Since it holds for all € € [0, €], we may take e — 0 and conclude that F(Ag + €) = oo, contradicting

F(XAo+€) — F(Ag) >

with the fact that the spectral distribution function of a weakly stationary process is bounded above
by the variance of the weakly stationary process. Therefore, the ARMA equation cannot have any

weakly stationary solution. |

To estimate the spectral density of an ARMA(p, q) process a(L)X; = 6(L)e;, we may took the
general non-parametric estimator (3.3), or we could first estimate the ARMA parameters of the
process, and obtain the estimated polynomials &(z) and 6(z). Then we may estimate the spectral

density as
: 1o i 62 0(e7™)0(e™)
)\ = —iA —_ T —x<-
FO) = 5 G = o a ™ ateny

If the parameter estimators are consistent, one would expect that the spectral density estimator is
consistent under some regularity conditions.

5.7 Forecasting

5.7.1 Principles of Forecasting

Suppose we are interested in forecasting Y given a set of variables X7, Xa,.... Let Y be a forecast
of Y. To evaluate the performance of the forecast, we need to specify a measurement of forecast

error. A frequently used measure is the mean square error defined as
MSE(Y) = E(Y —Y)2.

The optimal forecast Y is a function g of X1, Xo,... that minimizes

E(Y — g(X1, Xo,...)%.
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Note that

E[Y — g(X1,Xs,.. )2 =E[Y —E(Y|X1, X,...) + E(Y|X1, Xs,...) — (X1, X, ...)]?
= E[Y — E(Y|X1, Xo,...)]? + EE(Y|X1, Xo,...) — g(X1, Xo,...)]?
+ QE[(Y — E(Y‘Xl, Xo,.. ))(E(Y’X17X2, .. ) — g(Xl,XQ, .. ))]

Since
E[[Y —E(Y|X1, Xo,.. )] [E(Y]X1, Xs,...) — 9(X1, X2,...)] ‘Xl,XQ, . } =0,

the unconditional expectation
E[(Y —E(Y|Xy, Xo,.. ) (E(Y|X1, Xo,...) — g(X1, Xo,...))]

is zero, and E[Y — g(X1, Xo,...)]* is maximized at g(X1, Xs,...) = E(Y|X1, Xs,...). Therefore,
the best forecast of Y given X;, Xo,... is the conditional expectation of Y given X1, Xo,....

IfY, X1, Xo,... € L?(Q, F,P), then E(Y|X1, Xa,...) could be viewed as the orthogonal projec-
tion of Y on the subspace of all (measurable) functions of X, Xo,....

In practice, it is not always clear what the conditional expectations should be. Therefore,
we usually restrict our attention to the class of forecasts that could be expressed as a linear
function of Xj, Xs,.... The linear forecast, denoted by L(Y|Xy, Xs,---), is obtained by the
orthogonal projection of Y on the subspace of all linear functions of X, Xs,.... Obviously,
MSE(E(Y| X1, Xs,...)) < MSE(L(Y|X1, Xa,...)).

5.7.2 Linear Forecasting Based on an Infinite Number of Observations

Now let Xy = p+¢(L)er = p+ Y ooy dict—i where g ~ WN(0,02) and Y 2% |¢;| < co. Suppose we
know the parameters p and ¢;’s and would like to forecast X; ., based on €;,&4_1,.... The optimal

linear forecast L(Xy4p|1, €4, €¢-1,...) =V + Y oy Bict—i should satisfy the orthogonal conditions

E (Xt+h - <V + Zﬁi&—i)) =0
=0
E <Xt+h - (V + Zﬂzﬁt—i)) ;=0
=0

for all j <t¢. This implies that v = p and 8; = ¢;45. That is,

and

L(Xiyn|l,et,60-1,...) = pp+ Ones + Gppree—1 + - -

We may write it as

L
L(Xitnll,et,60-1,...) = p+ |:¢l(‘/h)] &t
=+
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where for any power series a(z), [a(z)]+ replaces the terms with negative powers in «(z) with zeros.
Now for {X;} that follows a causal ARMA(p,q) process a(L)X; = ¢+ 0(L)e, given all the

parameters and €;,6,-1, .. .,

L(Xt+h’17 EtyEt—1, - - ) =

" {afgihL

If the process is also invertible and we know X;, X;_1,... instead of e¢,6;_1,.. .,

) c o(L (L c
Xepnje = L(Xegn[1, Xoy Xoma, o) = a(l) * [a(l(,)zlh]+ 9((L)) <Xt N 04(1)> '

This is known as the Wiener-Kolmogorov prediction formula.
The multiple-step-ahead forecasts could be computed in a recursive way. We first show that

when h = 1, that is, when we make one-step-ahead forecast,

o) oo =1 (- lawel, 507

This can be shown by plugging

[ o(L) ] RS T [a—l(L)—1+1}
+ +

a(L)L L L
_6(L)-1 _ a L) -1
T L)+ 7

into the both sides of the equation we want to establish. This new representation implies that
Xt+1|t —p=ar(Xy —p) +ax(Xeo1 — ) + - Fop(Xppr1 — o) + 016 + -+ 046t g41,

where

which serves as an approximation or estimate of the unobserved e;. Now, by law of iterated
projections,

Xt+2‘t = L<]L‘(Xt+2‘17 Xt+17 Xt7 .. ) 17 Xt7 Xt—17 B )7

then
Xt+2|t — = al(Xt+1|t — ) oo Xy —p) + - A ap(Xppro — @) + 028 + - - + 04 gyo.
Note that L(é¢41]1, X¢, X¢—1,...) = 0. In general, for h =1,2,...,q,

Xt+h|t —p= al(Xt+h—1|t — )+ O‘Z(XtJrh72|t —p)tt ap(Xt+h7p|t —p) +Opér 4+ 04 hg,
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and for h=qg+1,9+2,...,

Xt+h|t —p= Oél(XtJrtht — )+ a2(Xt+hf2\t —p)++ %(thfpu — ).
Note that we have used the fact that X, = X for s <H{.

5.7.3 Linear Forecasting Based on a Finite Number of Observations

When we have only a finite number of observations X;, Xy 1, -+, Xt—m+1 (but continue to assume
that we know the parameters), we may still use the recursive method to make forecasts by setting
€t—m = €t—m—1 = --- = 0. The performance of this approximation depends on the model, and we
shall not investigate in detail here.

Another way to make forecast based on a finite number of observations is to directly project

X¢yn onto the space spanned by 1, Xy, X1, -+, X¢—m+1. Suppose that the forecast is given by
Xipn—p=BMXe =)+ Bl (Xior — ) + -+ 4 Bt Kemmas — i) +up = X[ B + .

The orthogonal condition
EX] (Xppn —p— X{'Bl) =0

implies that

-1
Bl = (EXesnXi1n) EXepn(Xepn — 1)

7(0) (1) - y(m—1) v(h)
| @ 70) - y(m—2) v(h+1)
ym—1) y(m—-2) - ~(0) y(h+m—1)

5.7.4 Optimal Forecasting for Gaussian Processes

Theorem 5.10. Let Y =4 N(p,X) and partition Y as Y = (Y], Y5)'. Suppose p and X are

accordingly partitioned as
DTS
M:[,Ud] and 2:[11 12

2, o1 222

Then the conditional distribution of Y1 given Y is N(p1.2, X11.2) where py.0 = 1 +21222_21(Y2 —p2)
and 211.2 = 211 — 21222_21221.

Proof. 1t is easy to show that Y; — 21222_211/2 is uncorrelated with Y5, and therefore, independent
of Y5. Write
Y1 = (Y1 — 1255, Y2) + £1255; V2.

The conditional distribution of the first term on the right hand side above given Y5, due to inde-

pendence, is equal to its unconditional distribution, which is N(u; — 2122521u2, Y1 — 2122521221).
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The second term is constant given Y5. The results then follows immediately. |

The above theorem shows that E(Y1|Y2) = p1 + 21222_21 (Y2 — p2), which is a linear function of
Ys. In the forecast setting, when the time series {X;} is Gaussian, the optimal linear forecast (or-
thogonal projection, including the constant term) coincides with the optimal forecast (conditional

expectation).

5.8 Estimation

In this section, we shall consider the Maximum Likelihood Estimation, to which the OLS estimation

will be connected.

5.8.1 Estimating AR Models
Suppose we have data X7, Xo,---, X7 from an AR(p) model
Xi=ct+a X1 +wXi o+ -+ apXi_p+ &4

where &; ~ iid N(0,02). We shall estimate © = (c, a1, ,ap,0?) using MLE. Since X; can be
expressed as an infinity sum of {e;}, we have that {X;} is Gaussian, and the density function of

X° = (Xy, X, -+ ,X,) given the parameters is

X° — 012—1 X° — °
F(Xp Xyt .., X130) = (21) P/ det(S,) 2 exp (—( Ry (X~ g )>

2
where p=1/(1 -1 —---—ap), u° = (i, pt, - -+ , )" is the mean of X°, and
(0 v(1) y(p—1
(1) ~(0) (p—2)
Yp = .
Fp=1) ~p=2) - (0

is the covariance matrix of X°. The autocovariances could be obtained by the Yule-Walker equations

or using the autocovariance generating function.

For ¢t > p, the conditional density function of X; given X;_1,---, X1 and the parameters is
1 (Xt—C—OélXt_l—---—OéXt_ )2
f(Xt|Xt—1,Xt—27 T 7X1; @) = \/%0' exp <_ 20_2 P P .

Now the likelihood of the full sample is

T
fXr, Xpoa,--, X50) = | [ FXlXi1x, -2, X150) | f(Xp, Xp1,..., X1;0),
t=p+1
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or in the form of log-likelihood (normalized by 1/7"):

T
1 1
00) = 7 f(Xp, Xpo1,.., X1:0) + > Inf(Xi| X1, x,-2, - X1;0).
t=p+1

The MLE estimator © = (&, Gy, - - - , &p, 62) maximizes the log-likelihood ¢(©). Note that the mean
of the process is estimated as 1 = 1/(1 — &1 — -+ — &,).

Unfortunately, due to the existence of the unconditional density f(Xp, Xp—1,...,X1;0), the
maximization problem does not have an analytical solution, and we have to rely on numerical
optimization methods. For an introduction of popular numerical optimization algorithms, see
Section 6.3 or Hamilton (1994, Section 5.7) for example.

The conditional maximum likelihood estimates (CMLE) are also frequently used. In CMLE,
we look at

f( X, X1, Xpa| Xp, Xp1,--+ , X1;0),

that is, we look at the likelihood conditional on the first p observations. This (normalized) log-

likelihood is given by

T
1
T Z In f(Xe| Xe—1, X2, -+, X15©)

t=p+1
¢ T-p 2 1 - 2
:?—Wlng - 20—2T Z (Xt—C—OélXt_l_"'_@pXt_p) 3
t=p+1
where C is a constant. Note that the CMLE estimators ¢, &1, ...,4&, are the same as the OLS

estimators. The CMLE estimator of o2 is given by

2 1 S A A ~ 2
6% =7 (Xe—¢c—nXpo1 — - — GpXy—p)
—D
t=p+1

We make a remark here that the MLE estimator and the CMLE estimator have the same
asymptotic distribution, and are both consistent.! Since CMLE estimator is the same as the OLS
estimator, and the OLS estimator does not rely on the distributional assumptions on &, then even

if the distribution of &; is not normal, we may still obtain the quasi-maximum likelihood estimator

under the normality assumption, and the QMLE is consistent.

'The two (normalized) log-likelihood functions differ by £ In f(Xp, Xp—1,...,X1;0), which is 0,(1). This implies
that their maximizers should be very close to each other in probability when T is large, under some uniform con-
vergence condition on the log-likelihood functions. For details and a general theory of extremum estimator, and in
particular, the maximum likelihood estimator, see Newey and McFadden (1994).
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5.8.2 Estimating MA Models

Suppose we have data X, Xo,..., X7 from an MA(g) model
Xe=p+e+big—1+ 024+ 0464

where &; ~ iid N(0, 0%). We shall estimate © = (u, 01, - , 0,4, 0%) using MLE.

To obtain the exact likelihood function, we write Y° = pu°® + Ae® where Y° = (Y1,Ys, ..., Yp)/,
o = (py pty ... ), €% =(e1-¢,€2—q,-- - €)', and A is an appropriate matrix whose entries contain
the 6’s. Since ° is normal with mean zero and variance oI, where I is the (T + q) by (T + q)

dimensional identity matrix, then Y° =4 N(u°,02AA’), and the log likelihood function is given by

1
~T/2 2 4 AN—1/2 _
(27) det(c°AA") exp ( 52

(" = W (A4 Y = ) )

The conditional likelihood is obtained as the density of X7, Xp_1,---, Xy conditional on the
initial innovations €g,e_1,...,e1—4. Given the initial innovations, we may obtain {g;}7_; recursively
through

et =Xy —p—bhe1 — 02542 — - —0481¢.

The conditional log likelihood is given by

1
ﬁ(@) = T In f(XT,Xt_l, ce ,X1’€0,€_1, <oy E1—qs @)

T
1
-7 Zlnf(Xt|Xt—laXt—2; o X1,20,- - ,61-;O)
t=1
<t
202’

N Q
|
N | =
=
ql\D
|
Nl
(]~

t=1

where C' is a constant. Since the initial innovations are not observed, we may set g = e¢_1 = ... =
€1—¢ = 0 as an approximation. This approximation is sensible only if the MA process is invertible.

Otherwise, the effect of €9,e_1,...,e1—¢ Will accumulate over time.

5.8.3 Estimating ARMA Processes

Suppose we have data X, Xo,..., X7 from an ARMA(p, q) model
Xt =c+ alXt—l +--+ OépXt_p + &+ (91815_1 +---+ ath_q,

where &; ~ iid N(0,0%). We shall estimate © = (¢, a1, a1, ,ap, 01, -+ ,0,,0°) using MLE.
We may obtain the conditional likelihood of the X7, X7_1,..., X,41 given X, X,—1,..., X3

and €p,€p—1,...,6p—q+1. With these initial values, we may recursively obtain {at}tT:p 41 by

=Xy —c—aXp1 — - —opXi—p —O164-1 — - — Oyet—g-
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The conditional log likelihood is then

e 5 1 €3
UO) =7 — 55 mo"— 7 > 202’

where C'is a constant. Once again, we may set €, = €p—1 = -+ - = gp—¢+1 = 0 if the ARMA process
is invertible.
To obtain the exact likelihood for an ARMA process, we will use the Kalman filter, which will

be introduced in a later chapter.

5.8.4 Asymptotic Properties of the Estimators

Under some regularity conditions, the MLE or CMLE estimators turn out to be consistent and

asymptotically normal. If fact,

VT(0, —0g) =4 N (0,—H™)

where H is the probability limit of ggégg evaluated at the true value ©¢ of ©, which happens to

be non-random, i.e.,
0%4(0y)
H.
96000/ 7

b
We may estimate H by 88(53(8%3), the Hessian of the log likelihood function evaluated at the estimated

©.

The theory of maximum likelihood estimation justifies another estimator for the asymptotic

variance: I = —H where [ is the probability limit of T% 85(5) evaluated at the true value ©g of

O, which also happens to be non-random, i.e.,

0L(©g) 0L(Og)
00 00’

T —p 1.

We may estimate I by Tae[()%") aea(g/" 2,

For a careful treatment of the theory of maximum likelihood estimation, see Chapter 6.

5.9 Model Selection

To determine the order of an MA process {X;}, we may check the autocorrelation function (ACF)

of {X;}. If {X;} follows an MA(qp), then we have p(k) = 0 for all k£ > ¢go. We may estimate
the sample autocorrelation function by p(k) = %, and for a MA(qy) process, under appropriate

conditions (see Theorem 2.33 and the comments below it), we can show that

VTp(k) +aN [0, > p*(i)

i=—q
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for k > qo.

To determine the order of an causal AR process {X;}, we may check the partial autocorrelation
function of {X;}. The partial autocorrelation function PACF(k) at lag k for a weakly stationary
time series {X;} is defined to be the coefficient in front of X; 5 in L(X;|1, X1, Xi—9,..., X4—g).
It is easy to see that if the true model is AR(pg), then PACF(k) = 0 for all £ > pg. The lag-k

partial autocorrelation could be obtained as the OLS estimate of ayy in the regression model
Xt = ago + apr Xe—1 + -+ app Xk + Egt,

and for an AR(pg) model, using the two-step regression method introduced in Section 1.3.2, we can
show that
\/Tézkk —4 N(0,1)

for k > pg.
To determine the order (p,q) of a causal and invertible ARMA (p, ¢) model, we may apply the
Akaike Information Criteria (AIC) or the Bayesian Information Criteria (BIC). For any p and ¢,

we estimate the model using MLE, getting the fitted residuals &;, and calculate

T
62 = lE &2
pg T t
t=1

The AIC and BIC are defined respectively as

2
AIC(p,q) =In (}12?,(1 + (p;— 9)
and T
BIC(p,q) = In 657,1 + (p—i—;]ﬂ)n

The estimated orders p, § are the pair of (p, ¢) that minimizes AIC or BIC.
Suppose that the true model is an ARMA (po, qo) model. Under the assumption that e; is iid
normal, we may show that p —, po and § —, qo if we use the BIC. Actually we may replace the

h w for any C(T') that diverges to infinity as 7' — oo and still get

penalty term in BIC wit
the consistency result hold. Unfortunately the order estimators using AIC are not consistent. The
model selected by AIC tends to overfit. That is, the AIC tends suggest orders that are greater than
the true orders. See Hannan (1980) for details. Of course, the information criteria also work for

the AR and the MA models.
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6 Extremum Estimation

Let (2, F,P) be the underlying probability space and x1, s, - - - , ,, be random variables or random
vectors taking values in X. Let © be the parameter space. Let Q,, (X, 6) be a function from X" x ©

to R. Then én is called an extremum estimator if

0, = argmin Q, (X, 0).
0cO
I . . 1 n N
n particular, if Q,(X,0) = = >, q(x;,0) for some ¢(z,0) from X x © to R, then 0, is called
an M-estimator. Obviously, M-estimators are extremum estimators. In this chapter we present a

general asymptotic theory for extremum estimation and M-estimation.

6.1 Asymptotic Consistency

The following is a general result for consistency. This theorem holds for general minimization

estimators, including the M-estimators.

Theorem 6.1. Let © be a metric space and {Qn} be a sequence of real random functions defined
on ©. Let 6, = arg mingeg @Qn(0). If there exists a function @ : © — R and 6y € © such that

(a) for each open ball N of 0y, Q(6o) < infpee\n Q(F), and

(b) Qn(0) converges uniformly in probability to Q(0) as n — oo, i.e.,

sup |Qn(0) — Q(0)] = 0,

then én —p o as n — oo.

It should be noted here that @, is a function from  x © to R. When we write Q,(0), we
understand it as @, (-, 0) and treat it as a random function. The condition (a) in the theorem is a
separation assumption. It requires not only that 6y is the unique minimizer of ), but the minimum
is well separated. The convergence in condition (b) should be understood as in outer probability
P*. Note that even if @,(6) is measurable for each § € © and for each n, supycg |@n(0) — Q(0)|
may still be not measurable. For more details on outer probability (outer measure), one may refer
to Billingsley (1995, Section 11).

Proof of Theorem 6.1. Let p be the metric in ©. By the separation assumption (a), for any € > 0,
there exists 0 > 0 such that Q(0) — Q(0y) > ¢ for all § € ©\N, where N is the e-ball in © entered
at 6y. Thus,

P(p(0n00) = ) < ( |Q(0n) - Qo) > 6).

9© 2017-2021 by Bo Hu. All rights reserved.
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Then consistency of 6,, follows immediately from that

Q(0,) — Q(B0)| = Q(Bn) — Qn(0n) + Qu(Bn) — Q(60)
< sup|Q(6) = Qu(O)] + Qu(f) — Q(60)

< 2sup|Q(f) — Qn(8)| —p 0.
0cO

It can be easily seen from the proof that 6,, do not have to be the exact minimizer of the
objective function @, (f). This condition can be replaced by that Q,(8,) < infgce Qn(#) + 0,(1)
without affecting the result. If we replace the uniform convergence in probability of @, to uniform
almost sure convergence, then we get strong consistency of én, ie., 0, —>a.s. 00

L and

Condition (a) holds if © is a compact metric space, @ : © — R is lower semicontinuous,
0o is the unique minimizer of Q). In fact, fix € > 0 and let N be the e-ball centered at 6y. Then
©\ N, being a closed subset of a compact set, is compact. A lower semicontinuous real function
on a compact set attains its minimum. The results then follows easily. This result leads to the

following corollary of Theorem 6.1 immediately, which appears in Newey and McFadden (1994).

Corollary 6.2. Let © be a compact metric space and {Q,} be a sequence of real random functions
defined on ©. Let 6, = arg mingeg @n(0). If there exists a continuous function @ : © — R such
that Q(0) is uniquely minimized at § = 6y, and that @Q,(f) converges uniformly in probability to
Q(0) as n — oo, then 6, —p b as n — oo.

The assumption of compactness of ©® may be replaced by a local convexity assumption. For
details, see Newey and McFadden (1994, Section 2.6).

The uniform convergence in probability assumption in the above theorem is an abstract one. In
the context of M-estimators, the uniform law of large numbers (ULLN) provides simple conditions

that guarantee uniform convergence in probability.

Definition 6.3. Let {Q,,} be a sequence of real random functions on ©, where © is a metric space
with metric p. The sequence {@,} is said to be stochastically equicontinuous if for any e > 0 and
1 > 0 there exists § > 0 such that

lim sup P* (sup sup ‘Qn(ﬁ) — Qn(el)‘ > e) <.
n—00 0cO {0'€O:p(0,0')<5}

Definition 6.4. A metric space (O, p) is said to be totally bounded if for any € > 0 there exists a

finite collection of open balls in © of radius ¢ whose union is ©.

Obviously, any compact metric space is totally bounded.

' A function f : X — R is called lower semicontinuous if £~ ((a,0)) is open for each a € R. A continuous function
is lower semicontinuous.
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Theorem 6.5. Let (©,p) be a metric space and {Qn} be a sequence of real random functions
defined on ©.

(a) If

sup |Qn(0)| —p 0,
0cO

then {Qn} is stochastically equicontinuous.

(b) If {Qn} is stochastically equicontinuous, Qn(0) —p 0 for all 0 € O, and © is totally bounded,
then

sup |Qn(0)] = 0.
6cO

Proof. The proof for part (a) is trivial. For part (b), fix e > 0 and n > 0. By stochastic equiconti-
nuity of {Q,}, there exists § > 0 such that

imswp (sup s Qu0) - Qu(®)] > 5 ) <.
n—00 0€0 {6/cO:p(6,0")<5} 2

Since O is totally bounded, there exists d-balls centered at ti1,to,---t, that covers ©. Define the
function h : © — {t1,--- ,t,} such that p(h(f),0) < ¢. Then for all n, we have that

sup [Qn(0)] < sup [Qn(6) — Qn(h(0))] + sup |Qn(h(0))]
0co 0co 0co

<sup  sup [Qn(0) — Qu(9)] + max [Qn(t))].
9cO {6/€O@:p(6,8')<5} 1<i<r

Then

lim sup P* <sup |Qn(0)] > 6>
0O

n—o0

< lim sup P* <sup sup |Qn(6) — Qn(G/)‘ > E> + limsupIP’*< max |Qn(t;))| > 6)
n—00 0cO {0'€O:p(6,0")<d} 2 n—00 1<i<r 2

<.

Note that in the last inequality we have used the fact that @,(6) —, 0 for all  implies that

P(maxi<i<, |@Qn(ti))| > 5) — 0. Since 7 is arbitrary, our conclusion follows immediately. [

Theorem 6.6. Suppose that {x;} is a sequence of random variables or vectors taking values in X,
and ¢; : X x © — R is a function. Suppose q;(x;,0) is measurable for each i and each 6 € © so
that we may define

QuO) =S ailwi0)  and Qul®) = > Bl 0).
i=1 i=1

If

(a) © is a compact metric space,
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(b) for each 6 € ©,Qn(0) — Qn(0) —, 0, and

(c) there exists measurable functions by : X — Ry and h : Ry — Ry with h(0) = 0 and h
continuous at 0 such that L 3" Eb(z;) = O(1), and |qi(x;,0) — qi(2:,0")| < bi(z;)h(p(6,6'))
for 0,0' € ©, where p is the metric on ©.

Then Qn(0) is stochastically equicontinuous, and

sup ‘QH(Q) — Qn(ﬁ)‘ —, 0.
[4<C)

Proof. Let B, = 3" | b(xz;). By assumption, we have B, = O,(1). Note

1Qn(8) — Qu(8)| < Buh(p(6,6)).

This implies that @, (0) is stochastically equicontinuous. Also,

< OMh(p(6,0)),

This implies that Q,(6) is equicontinuous. Then Q, () — Q,(6) is stochastically equicontinuous.
The results follows immediately from Part (b) of Theorem 6.5. [

Note that this theorem gives conditions under which pointwise convergence in probability (part
(b) in the assumption) implies uniform convergence in probability. For further details, see Newey
(1991). Also, if we consider Borel o-algebras, then continuous functions are measurable. Here we

make this assumption implicit.

Corollary 6.7. Suppose {z;} is a sequence of iid or strictly stationary and ergodic sequence of
random variables or vectors taking values in X. Suppose ¢ : X X © is continuous at each § € ©
with probability one, © is a compact metric space, and |q(z;,0)| < d(z;) for some d : X — R such
that Ed(z;) < co. Then

n

1
sup |— q(xz;,0) —Eq(x;,0)| — 0,
cup 13 a(r10) ~ a0 =

and E(z;,0) is continuous.

Note that strictly stationarity and ergodicity of the data process and almost sure continuous of

the ¢ function guarantee the pointwise convergence in probability of %2?21 q(x;, ).

Theorem 6.8. Let {x;} be a sequence of random variables or vectors taking values in X, q :
X x 0= R,Qu0) =130 q(x:,0),0, = argmingee Qn(0). If

(a) © is a compact metric space,

(b) {x;} is @id or strictly stationary and ergodic,

(c) Eq(x;,0) > Eq(x;,00) for all 0 # 6y, and
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(d) q : X x © is continuous at each 8 € © with probability one, and |q(z;,0)| < d(x;) for some
d: X — R such that Ed(z;) < co.
Then én —p 0.

Proof. Note that if {x;} is strictly stationary and ergodic, then the process {y;} defined by y; =
é(x¢, 241, --) is strictly stationary and ergodic for any measurable function ¢ : R® — R*. A law

of large number then holds. Then the results follows immediately from the previous results. |

6.2 Asymptotic Normality

Theorem 6.9. Let 0, = arg mingcg Qn(0) where Qy, is a function of the data points x1,...,x,
and the parameters 6, and 0,, —p 0o for some 0y in the interior of the conver set © C R™. Suppose
that Qn(0) is twice continuously differentiable in (the interior of) ©, \/ﬁaniéeo) —4 N(0,%), and

that Hn(én) —p H as long as 0, —p bo, where Hy(-) = 8;2259(,') is the Hessian of Qn, and H is a

nonstochastic positive definite matriz. Then
V0, — 0y) =4 N0, H'SH™Y).
Proof. By definition of the maximizer and the differentiability of @, (#), we have that

9Qu(0,)
V=g =0

for each i = 1,2,...,m, where 6 is the i-th component of §. The mean value theorem gives that

8Qn(én) _ 8Qn(90) 82@71(5721) )

where 6% is some point in © such that

i -

0,, — GOH. If we stack the equation for
i=1,...,m together, we have

2@nOn) _ 200 0) g Gy — 0)

00 00
where Hn(él, ol ém) is a matrix whose i-th row is azgﬁggﬁ) . By assumption, we have Hn(él, ol ém)
converges in probability to H.
Now we have
- ~ ~ 0Q (6
Vn(On —0o) = —Hp (61, . .. ,Qd)_lx/ﬁQgéo) —4¢N(O, HT'SH™).

A sufficient condition for “H,,(0,) —, H as long as 6, —, 0p” is supgee |Hn(0) — H(0)] =, 0
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for some H(-) continuous at #p. To see this, note

Ho(Bn) = H(80)| < |Ha(6a) — H(0)

AR

We also note here that if the minimum appears on the boundary of ©, the asymptotic normality
can fail. See Newey and McFadden (1994, p. 2144) for examples.

6.3 Numerical Optimization Methods

In this section we introduce some numerical optimization methods in computing extremum estima-

tors. Our goal is to find

~

0, = argmin @, (0)
0c®

where 0 is a p-dimensional parameter in R?, given data (x1,...,z,).

One way to obtain the minimizer is to find the analytical solution to the optimization problem,
if such a solution exists. If such a task is difficult, then one probably has to rely on some numerical
methods. One may conduct a brute-force grid search for minimum. However, this only works in
the case where p is small. When p is large, the curse-of-dimensionality kicks in, and in general, it
is not possible to conduct the search within computing powers that are accessible to most of us.
In the following we introduce some useful methods. For simplicity, we treat data as fixed values
instead of random elements in the following, until we start to examine the probabilistic properties
of these methods.

6.3.1 Newton-Raphson Method

Suppose we want to use the first order condition

- 0Q.(0
fn(0n> - Qgé n) =0
to solve for én Suppose we have 0, ;, that is close to én If f,, admits a Taylor expansion around
Ok, we have

0= ful0a) = Fa(Ons) + Fu(0n) (0 = 0u) + o

ot

where 0Q.(0)  92Qu(0)
Fu(0) = ane - aegef‘

This implies that

~

9n ~ en,k - Fn_l(gn,k)fn(en,k)a

which suggests an iterative algorithm to calculate 6, by

9n,k+1 :en,k_Fn_l(en,k)fn(en,k)a k= 1727"'-
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We iterate until it converges. However, in general, Newton-Raphson method may or may not
converge. In cases where it does not converge, we may try some modified Newton-Raphson method

instead. The algorithm of default Newton-Raphson is given by
eg,k—&-l = (1= J)0 py1 + Jke;k-&-l
where
e =00 — FH08 1) £ (02 1),
erthrl = Hg,k - F;Iifn(eg,k)v
i = H{Qun(0), 41) = Qn(eg,k)}v

and F, j is chosen so that Qn(ﬁqka) < Qn(gg,k)-
The algorithm of line search Newton-Raphson is given by

M _ o
en,k—i-l - Hn,k—‘rl’

where

ap = argmin Qp (O k+1)”
acA

for some A C [0,1] and
k1 = 9%1@ - @Fn_l(G%k)fn(g%k)
6.3.2 Gauss-Newton Method

Suppose @,,(0) takes the form of

1
Qn(0) = §Tn(‘9)/7"n(9)
where 7, (0) = (1p1(0),...,mnp(0))". The first order derivative is
or, (0
() = 20 ),
and the second order derivative is
O (0) 9ra(0) | x PPrail0)
Ful®) = =55~ 0 2= ~ggag " (®)

At around 6,, we may ignore the second term in F,,(6) and obtain the algorithm
Hg,kﬂ = Hrcj,k - Gﬁl(aik)fn(eg,k)

where

ar (0) Orn(9)
00 00" -

Gn(0) =
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Theorem 6.10. Suppose that conditions of Theorem 6.9 holds. Let 0, be an initial estimator for
0 anfl H, be an estimator of plim,,_, 62(%’5(9?0) s~uch that H, —p H. Let 9~n =0, — ﬁgl(xggiéen). If
(0, — 6o) is bounded in probability, then \/n(0, — 6) —4 N(O, H1XH™1).

Proof. We have that

V(B — 60) = /(B — o) — \/ﬁﬁglw

00
. —_10Qn(0 —_10%Qu(0%)
= V/n(0n — 60) — \/ﬁHrle(%(,o) - \/ﬁHnlgaa(Q,)(Qn —bo)
_ 7— 82@71(9;) n 7— aQn(QO)
- (I_Hnlz)w) \/ﬁ(ﬂn —90) - \/ﬁHan

where 67, is the mean value. Since H,,! —, H~! and 8239%(99,:) —p H, and \/n(0,, — 0p) is bounded

in probability, we have that the first term in the last expression converge in probability to zero.
The second term converge in distribution to N(0, H~'XH~!). This completes the proof of the

theorem. m

Note that 9~n is the one step iteration of én in the Newton-Raphson method or its variant. The
theorem then shows that if we can start from a reasonably good estimator @, (there is no restriction
on the variance of the estimator), after one iteration, we would end up with an estimator that has

the same asymptotic variance as the extreme estimator.

6.4 Asymptotics for Maximum Likelihood Estimation

We first consider the consistency and asymptotic normality of the conditional maximum likelihood
estimators. Note that the conditional likelihood functions (normalized by 1/7") in Chapter 5 are of
the form
% > a(i;6)
t=1

where 6 is the vector of parameters and Y; is a vector of data that appear in the conditional density
in period t. To be consistent with notations used in the previous sections in this Chapter, I used
6 instead of © to denote the parameter vector. Note that the normalizing constant 1/7 may be

replaced by 1/(T — p) in the AR cases. The ¢ function in general takes the form of

Xi—c—a1 X g — oo —a Xoo — 0151 — - —0.65_)2
q(Yt,G):r(G)+( t— C— 1A ApAt—p 1€t—1 q€t q)
202
where YV; = (X, ..., X4—p,0-1,...,6t—¢), and r(0) is some function of the parameter 6 given by
0= (car,...,ap,b1,...,04,0%) . If we impose conditions such that terms like

1 & 1 &
f ;Xin and T ;Xﬂfj
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converge in probability respectively to EX; X; and EXje;, then

T

T 2 al¥isd) — Ea(vi ),
and we may use the results in the above two sections to establish the consistency and asymptotic
normality of the MLE estimators, if we can show that Eq(Y:, 6) > Eq(Y;, 0y) for all 8 # 6y, where
0y is the true value of 6.

For the above condition to hold, we only need that 6 is identified. If we use f(-,6) to denote
the conditional density function (such that ¢(Y;,0) = —In f(Y},60)), identification of 6y means that
if 0 # 0y and 6 € O, then f(Y;,0) # f(Y:,00). In the MLE setting, identification implies uniqueness

of maximizer (minimizer) due to the information inequality:

Eq (Y, 0) — Eq(Y:, ) = —E (hl m>

> —ln (EM)

I I
1 / S )y
=0

Note that the information inequality is a consequence of the Jensen’s inequality, and the strictness

comes from the identification assumption.

For MLE estimators, we may simplify its “sandwich” asymptotic variance using the relationship
between the Fisher information and the Hessian. For notation convenience, we denote the observed
data by Y, and denote Ey as the expectation with respect to the density f(y;#). Furthermore,
we introduce the following definitions related to the (normalized) log-likelihood function ¢(0) =
In f(y;0).

(
(

a) (Score function) s(f) = ag—(?.

)
b) (Hessian) h(0) = 8829%(3,)
(c) ((Fisher) information) I(6) = Ey[s(6)s'(0)].
(d) (Expected Hessian) ) = Eph(6).

H(6
Theorem 6.11. Suppose f( 9 exists and 8ff§g9)d = af(y %) dy. Then

Egs(6) = 0.
2 . .
Furthermore, if 862%’9’,) exists and % = 823](;(5{,5,9 ) dy, then
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Proof. We have

00(0) B Oln f(y;0) ‘
EGW = /%f(ya 0)dy
[ Of(y;0)
/ o0 W
0 [ f(y:0)dy
- 00
01

The other result could be obtained by noting that

) 1 Pf(y;6)  Olnf(y;0)9In f(y;0)
9000' — f(y;0) 0006 90 o0

In our conditional maximum likelihood framework,

~ 9%Qn(0,) B 82< T 2= 15@71

)
Hul0n) = =500 = 9000" ) —p —H (60)

as 0, —p 0o, and

aQn 90 T
VI—F5 =" = Z; N (0,1 (6o)) -

Then the above theorem shows that
VT (0, — 0p) =4 N0, —H 1 (69))
and
VT (0, — 0) =4 N(0, 171 (6)).

Note that if the objective function of conditional maximum likelihood estimation is given by
Qn(0), then the objective function of maximum likelihood estimation is given by @Q,(0) + op(1).
Then by the remark after the proof of Theorem 6.1, the consistency and asymptotic normality of
maximum likelihood estimators follow directly from the consistency and asymptotic normality of

the corresponding conditional maximum likelihood estimator.

6.5 Other Topics

For conciseness, we have omitted many important topics in the general theory of extremum esti-
mation, such as efficiency, two-step estimators and so on. For more discussion about these topics,
see Newey and McFadden (1994, Section 5, 6, 8).
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There are also estimators whose objective function is not as nice as required by the assumptions
of the theorems in this chapter. Properties of estimators under such objective functions has been
studied by various authors. For example, for results for asymptotic normality under non-smooth
objective functions, see Newey and McFadden (1994, Section 7). Johansen and Nielsen (2019) give
conditions for uniform boundedness of M-estimator in sample size in time series linear regressions

where the objective function is possibly non-convex and non-continuous.
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7 Vector Autoregressions

A large part of the theory for weakly stationary vector process is completely analogous to its
counterpart of weakly stationary scalar process. Whenever this is the case, we shall point it out

and not elaborate on the very details.

7.1 Vector Linear Processes

An n-dimensional vector linear process {X;} is a stochastic process that takes the form of

o
X = Z Diep g
i=0

where g, ~ WN(0, X)) is a white noise process with covariance matrix ¥, and ®; are matrices whose

(4, k)-th entry will be denoted by <I>g * The above process may be written using the lag operator as
e .
Xy =) &L'e; = ®(L)e,
i=0

where L is the lag operator that shift the series {e;} backwards.
Following similar arguments as in Chapter 4, we may easily show that if Zé’io@f k)Q < oo for all
7 and k, then Z?io ®,e;_; is a well defined random vector in the space of all n-dimensional random
vectors with finite covariance matrices in the mean square sense, and {X;} is weakly stationary. If
ik
52| @]
function of {X;}. The autocovariance function of the above linear process is given by

< oo for all j and k, we have that Y - __ |v(k)| < oo where ~(-) is the autocovariance

Y(k) =) iy i 5P
=0

IF 50 1|0

< oo for all j and k, we have the Beveridge-Nelson decomposition of X; given by
Xt = (I)(l)Et — (Xt — thl)

¥ oo F T o]
where Xt = Zi:O q)igtfia (I)Z == Zj:i—l—l (I)j.
The asymptotics for vector linear processes are also similar to their scalar counterpart. Given
[%S) ik
im0 ‘(I)i

< oo for all j and k, we have that

1 T
T ZXt —p 0.
t=1

Given ) 74 ’@f F| < oo for all jand k, if {e;} is an iid sequence, or a martingale difference sequence

9© 2017-2021 by Bo Hu. All rights reserved.
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satisfying some Lindeberg or Lyapunov conditions (see Section 4.8), we have that
1 I
= > Xy —a N0, (1)Zd(1)").

If

we say that {Y;} is obtained by applying the linear filter W(L) = >-2° _ W,L! to {X;}. If ®(L)
and (L) are two linear filters with absolutely summable coefficients, then ®(L)¥(L)X; is well
defined for all weakly stationary {X,}, as long as the dimensions of ®;, ¥; and X; are appropriate
for matrix multiplication. Also, the filters, viewed as lag operator polynomials with matrix-valued
coefficients, when applied to weakly stationary time series, satisfies the usual algebraic rules of
regular polynomials with matrix-valued coefficients. However, we note here that ®(L)W¥(L) does
not necessarily equals W(L)®(L) since the matrix multiplication operation is not commutative.
Now consider a linear filter ®(L) = > 22 ®; L’ such that det(®(z)) # 0 for all || < 1 on the
complex plane. Then there exists ¢ > 0 such that ®(z) is invertible for all |z| < 1+ € and ®~1(2)

has a power series expansion

dl(z) = i Tzt
1=0

Then by a completely analogous argument as in the scalar case, we have that > -2 i }T{k’ < oo for
all j and k, and we may define Y(L) = Y%, T,L’ as the inverse of ®(L), denoted by ®~1(L).
The autocovariance generating function for a weakly stationary vector processes { X;} is defined

as

k=—o00
where (k) is the autocovariance function of {X;}.
It can be shown that if {X;} is weakly stationary with autocovariance generating function
I'x(z), and Y = ®(L)X; where ®(L) has absolutely summable coefficients, then the autocovariance

generating function of {Y;} is given by
Gy (2) = @(2)Gx(2)( 1),

where ®(z71)’" denotes the transpose of ®(z~!). As a consequence, it is easy to see that the linear
process Y; = ®(L)e; where g, ~ WN(0, ¥) has autocovariance generating function ®(z)X® (2~ 1)'.

Also, if {X;} and {Y;} are independent weakly stationary processes with autocovariance gen-
erating functions I'x(z) and T'y(z) respectively, then the process {X; + Y;} has autocovariance
generating function Gx(z) + Gy (2).

The spectral density of a weakly stationary vector process with autocovariance function ~(-)
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and autocovariance generating function G(z) is defined to be

1

) = 5-Gle™).

And similarly as in the scalar case, we have that
9 = [ oy

7.2 Vector Moving Average Processes

A wvector moving-average process of order ¢, abbreviated as VMA(q), is a process {X;} following
Xe=p+0OL)er=p+e+ 016021 +O26p2+ -+ Oye—y,

where 4 is a constant vector, and e, ~ WN(0,X). This process is always weakly stationary with

mean g and autocovariance function

S 0,456), 0<k<q,
Y(k) = L 0:%0;_, q<k<0,
0, k| > q

where Og is understood to be the identity matrix. In particular,
q
Cov(X;) =7(0) = > ©,%6)],.
i=0
Also, we have that
1 T
T Z Xt _>p Ky
t=1
and under appropriate conditions for ¢, we have that
1 X
—= ) (Xt — ) = N<O, @(1)2@(1)’).
VT =
A VMA model could be estimated by MLE or CMLE. Suppose &; ~ iid N(0, X), and we observe
Xi,...,X7. Then we may write our model as X° = pu° 4+ Ae® where X° = (X{,X5,..., X7,
we = (.. )y, et = (sﬁ_q,s’g_q,...,ei‘p)’, and A is an appropriate matrix whose entries
contain the parameters of the VMA process. Then we have X° =; N(u°, A(I ® £)A’), where I is

the (T + g)-dimensional identity matrix. The log likelihood function is

o %m det(A(I ® T)A') — %(X" — 1) (AT @ D)A)H(X° - 1°)
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where C' is some constant independent of the parameters.
Similarly, the (normalized) conditional log-likelihood function given the initial innovations

€0,€-15+--,€1—¢q is

T

c 1 1

Z o sIndet(S) — o > €/Tep
2ndet() 5 t:15t £t

When the initial values are not observed, we may set them to zero as an approximation. This
approximation is sensible only if the VMA process is invertible, which is the case if det(©(z)) # 0
for all |z| <1 where ©(z) =1+ ©12+ ...+ 0429,

7.3 Vector Autoregressive Processes

A wvector autoregressive process of order p, abbreviated as VAR(p), is a process {X;} following

Xi=c+ 01 X1 + P2 Xy 0+ -+ P, Xy ), + 4, (7.1)

where c is a constant vector, and e; ~ WN(0, ).

The following theorem is a direct generalization of its univariate counterpart.

Theorem 7.1. Let {X;} be a VAR(p) process given by ®(L)X; = ¢+ e, where (L) =1— &L —
$oL? — - — ®,LP and &r ~ WN(0,0?). If det ®(2) # 0 for all |z| < 1, then {X:} has a unique

causal weakly stationary solution given by
o
Xy=®(L) Me+e) =N+ Y Tier
=0

where Y o0 Yiz" is the power series expansion of ®~1(2), and > 50,1 |T;| < oc.

Then mean 4 of the VAR process is ®~!(1)c, and the VAR process could be expressed in its

demeaned form:
Xp—p=01(Xp1 —p) +Po(Xpo —p) + -+ Pp( Xy — ) + 4.
The autocovariance function 7(-) could be obtained from the Yule-Walker equations
Y(k)=®1y(k —1) + Poy(k—2)+-- -+ Ppy(k—p), k=1,2,....

The first few autocovariances could be obtained using the VAR(1) representation of general VAR(p)

given by ) ) o ) o ) o
Xt q)l (I)g q)g (I)p Xt—l Et

Xi 1 I 0 O 0 X9

X, o +10 I o0 0| | Xi_s
| Xt py1 | (0 0 0 0] [Xe—p]| [O]




If we write the above representation as Y; = a4+ AY;—1 + Uy, and let I' = Var(V;), Xy = Var(Uy) =
diag(X, O), then we have I' = AT A’ + Xys, and therefore vec(I') = (I — A® A) " 'vec(Xy). Note that
I" contains v(0),...,7(p—1). Once we obtain the initial values, we can obtain other autocovariances
by recursion using the Yule-Walker equation.

Also, we have that

1 T
T ZXt _>p 122
t=1

and under appropriate conditions for ¢, we have that

1i(}( —p) = N<O <I>_1(1)E<I>_1(1)’)
\/Tt:1 t— M d ) .

The VAR models may be estimated by conditional maximum likelihood. Suppose that g; ~
iid N(0, X). We rewrite our VAR(p) model as

Xy =11Y; + &

where Il = [c &1 @y - @)l and Y, = (1, X; 4, X[ 5,..., X{_,)". The conditional density f(X¢|X;—1, Xi—2,...)
is given by

(27r)—"/2(det(2))*1/2 exp < L (X; —IY)/27 (X, — HYt)> .

2

The (normalized) log-likelihood function is

T
c 1 1 e

Maximizing the log-likelihood function yields the CMLE estimators

and

where & = X; — I1Y; is the residual. It is easy to see that the CMLE estimator is the same as the
OLS estimator. We may write our n-dimensional VAR system as n single equations, and do OLS

regression for each of the individual equations.
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Under the iid normality assumption we have that

1 p % % %

po y(0) + p? y(1) + 1 Y2)+p* e -1+
1ZT:YY’—> G R G (U S T [ Y S R (R )R S
T T (=24 (=D A0+ (= 3)

o A1 =p)+p* v2-p)+p* YB=p +p* - A0)+p*

We denote the limit by ). Now we write

-1 1 T 7
T 77 2= YiEn

1L Ty T
VT (vech(II) — vech(IT)) = Or r Z::t:1 e = (I, ® Q") T Z

Q;lﬁ ZtT:1 Ytgtn_

where vech(A) = (A11, A12, ..., A1p, Ao1, Aoy ooy Aspy ooy Aty A,y -+, Ape)’ for any m x £ ma-
trix, ¢; is the i-th component of &;, and Z; = (Y/en, Y/ero,...,Y/ew). It can be shown that {Z;}
is a martingale difference sequence, has finite fourth moment (and therefore satisfies the Lyapunov

condition), and a typical element of 7 Zle 7,7 takes the form of

T
1
T Xil7t_k1€j1»tXi27t_k2€j27t = Wt + E 5]1 tEJz: Xu,t k1 zz,t k2>
T t=1

where
Wi = (gj1,0840t — B€jy,1852,0)) Xy sty Xio 1k

is a martingale difference sequence with finite second moments. Therefore, by a law of large numbers

for martingale difference sequence, % Zthl Wi —, 0, and

T

Z Xiy k1 €41t Xin t—ka€nt —p E(E51 1850t E(Xiy 1y Xig t—ko)-
t=1

1
T

As a consequence,

T
1
7 Y 27 5, B2 Z{ =5 ® Q.
t=1

Then by a central limit theorem for martingale difference sequence, we have

Zy =4 N(0,2 ® Q),

||Mﬂ
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and
VT (vech(IT) — vech(I)) = N(0, @ Q1.

The asymptotic results could be derived under weaker conditions. For example, for independent
uy with bounded fourth moments (see Liitkepohl (2005, Lemma 3.1)), or martingale difference
sequence u¢ with bounded conditional 2 + 6 moments (see Fuller (1996, Theorem 8 2.3)). The
essence is that we may find weaker conditions to guarantee that 1 72 YY) =, Qand —= Z et —q
MN(0, ¥, Q) where MN is the matrix normal distribution. Note that if £ ~ I\\/JIN(M U,V), then
vec(€) ~ N(vec(M),V®@U), and for non-random matrix C, D with appropriate dimensions, DEC' ~
MN(DMC,DUD',CV ).

If we would like to test for the hypothesis that R - vech(II) = r, we may apply the Wald test

statistic
W=T (R - vech(IT) — r) (RE2Q HR)™ (R - vech(IT) — r)' .

Under the null,
W —a x5

where m is the number of restrictions tested. Note that under the null,

VT(R - vech(II) — 1) =4 N(0, R(Z ® Q"1 R)).

In particular, if we want to test the null hypothesis that II = Iy, we may form the Wald test

statistic
W=T (vech(ﬂ - Ho)), (T Qfl)_l (vech(ﬂ - Ho))
= Ttr [(H - Ho)lzf1 (H - HO) Q] '

Note that in the above expressions, ¥ and @ can be replace respectively by A T Zt 1€ and Zt Yy

Also, since

T T T
. - 1 1 1
\/T(E—Z):\/T(E—T25tsé+TZzstsg—E> ﬁz gier — ) + op(1),
=1 t=1 =1
and {e.e}} is iid, we have that
VT (vech(3) — vech(X)) —4 N(0,2)
where E = E[vech(gse; — X)][vech(ge; — X)]'.
In fact, since

vech(IT) — vech(II)
vech(2) — vech(X)
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is a martingale difference sequence satisfying the Lyapunov condition and a law of large number

—)dN(O, ZQS)Q O])

Note that vech(IT) — vech(IT) and vech(3) — vech(X) are asymptotically orthogonal since

for its second moment, we have that

JT Vech(lil) — vech(II)
X

vech(X) — vech(X)

[1]

EYiew(eier; — Xij) =0

for all ¢,7,¢. In particular, we can show that Eeyesie; = 0 for a mean-zero jointly normal €; by
sequential conditioning.

In the end of this section, we make a remark that since any VAR(p) model has a VAR(1) rep-
resentation, when we study properties of VAR processes, we may focus on the VAR(1) model, and
many results for VAR(p) models can be easily derived from the study of their VAR(1) representa-

tion.

7.4 Forecasting

The forecasting theory for multivariate linear processes is completely analogous to that of the

univariate case. We therefore shall not elaborate on it here.

7.5 Granger Causality

A concept that is directly related to forecasting in multivariate setting is the Granger-causality.
Granger-causality is a concept that tries to describe whether one economic variable helps to forecast
another. Let {x:} and {y:} be two (possibly multivariate) time series. Let F; be the information
available for prediction up to time t. Let £(x;44|G) be some measure of forecast imprecision for the
optimal h-step forecast of x based on the information set G. For example, we could take ¢ to be

the mean square error, as we shall do in the following. If

UxeynlFr) < U@epn| Fe\{ysts<t)

for at least one h = 1,2,..., we say that y causes x in Granger’s sense, or y Granger-causes x. If
both x Granger-causes y and y Granger-causes x, we say that (2/,y)’ is a feedback system.
Though different measures of forecast imprecision lead to different definitions of Granger causal-
ity, we usually take £ to be the mean square error and replace the optimal forecast with the best
linear forecast. Also, we usually restrict our information set to be the information generated by
current and past values of x and y. In this setting, we say that y Granger-cause z if for at least

one h > 0,

MSE[L(xt+h’17 Tt—1,Tt—2, - - )] > MSE[L(xt+h’17 Tt—1,Tt—2, -, Yt—1,Yt—2, - - )]
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Apparently if (x},y;)" is a system that admits an MA representation
x > £
t 1,t—i
=pt 7 ;

where (€], €5,)" is a white noise process with non-singular variance matrix, then y does not Granger-

©i11 612
O;21 ©;22

cause z if and only if ©;19 =0 for all ¢ = 1,2,.... If (2, ;) admits a VAR(p) representation

Tt Tt—j
Yt Yt—i

then y does not Granger-cause z if and only if ®; 10 =0 for all i = 1,2,...,p. To test for Granger-

p
D11 Do

+ &¢, (72)
Dio1 Do

:C—|—
=1

causality in this case, we may run a VAR of (7.2) and test for @112 = o120 = -+ = ®p 12 = 0.
Wald test could be used.

For more concepts and tests related to Granger-causality, see Liitkepohl (2005, Sec. 2.3.1 and
3.6). It should be pointed out that Granger-causality, first proposed by Granger (1969), is not an
indicator of the causality in the usual sense but an indicator of predictability. Also, the result of
Granger-causality test could be very sensitive to the choice of the lag p. See Hamilton (1994, p.
305) for details. See Dufour and Renault (1998) and Dufour et al. (2006) for discussions on the

issue of Granger causality when there are multiple sets of variables of interest.

7.6 Structural VAR

A structural VAR model for an n-dimensional vector process {X;} is a model of the form
BX;=b+B1 Xy 1+ B Xy o+ -+ B Xy p+e
where Var(e;) = A is a diagonal matrix. The corresponding VAR model in reduced form, given by
Xi=c4+ P Xi 1+ X o+ +P,X;,+ e

where Var(e;) = X, relates to its structural form through

b = Bec,
Bi = B(I)Za
and
[ Bgt.

Due to the existence of B, structural VAR allows for contemporaneous relationships in the com-
ponents of Xy, while reduced form VAR does not. Also, the diagonality of A restricts components

in e; to be uncorrelated, while in the reduced form VAR, components in ¢; can be correlated. In
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particular, when e; is Gaussian, components in e; are independent. We shall call e; the structural
innovations, and &; the reduced form errors.

If we allow B to be any n X n matrix, then B is not identified, meaning that we have more
than one structural VAR that gives the same reduced form VAR. For example, if we pre-multiply
both sides of the structural VAR by any n x n matrix C' such that its column vectors are mutually
orthogonal, we still get a structural VAR. However, as long as C' # I, the two structural VARs are
not the same, although they have the same reduced form VAR.

Suppose we have identified a reduced form VAR. Then if we can uniquely identify B, we can
identify b and B;’s by the relationships we observed above. To identify a structural VAR model,

we need to put enough restrictions on the contemporaneous relationship matrix B. Since
BY.B' = A,

the diagonality of A generates r(r — 1)/2 restrictions on B. So we need to impose additional
r(r+1)/2 restrictions on B for identification. One of the most simple and popular ways to restrict
B is to specify B to be a lower triangular matrix such that its diagonal contains all ones. These
zero-one restrictions then serve as the additional r(r 4+ 1)/2 restrictions that makes the structural
VAR identified. That B is lower triangular and ¢; = Be; implies that the first component in &,
denoted by &1, is more “causal” than any other £4’s. And &4 provides information about 4; for
any j > ¢. This then implies a recursive causal chain of the innovations we consider in our model.
Or put it in another way, when we formulate Xy, we should order the variables under consideration
according to the causal chain we have in mind. Structural VARs identified through the above
scheme are called recursive structural VARs.

For a covariance matrix ¥, we can decompose it as
Y=LL

where L is a unique lower triangular matrix. Such a decomposition is called the Cholesky decom-
position. Also, we have L™*XL~Y = J. This implies that

B=AVL,

Therefore, to estimate a recursive structural VAR model, we may first estimate its reduced form by
OLS, obtain its MLE estimator for 3 and conduct the Cholesky decomposition on the estimated
3. In the end, we solve the above equality for the undetermined parameters in B and A. Since the
model is just identified, estimators obtained in this way is exactly the full-information maximum
likelihood estimator (FIML).

There are many other identification strategies. Interested readers may referred to, e.g., Hamilton
(1994, Section 11.6) or Stock and Watson (2016, Chapter 4), among many others.

As an example, Sims (1980) consider a system of six variables for an empirical macroeconomic
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model: money, real GNP, unemployment, wages, price level and import prices. To see the responses
of the system to random shocks, the author utilize the recursive identification strategy where the
variables are ordered as above. That is, money shocks are assumed to affect all other variables of
the system instantly, while the import price shocks only affect the import prices.
7.7 Impulse Responses and Variance Decomposition
We may write

) 0o

Xy :u—l—ZTist_,- :u+ZAief

i=0 i=0

where e} is e; normalized to have identity variance,

A; = T;B7'AV2,

Then the (p, q)-th entry of A;, denoted by A;,q, can be interpreted as the response of the p-th
variable ¢ periods later to an impulse in the g-th structural innovations.

The k-step (linear) forecast error may be written as

k-1 k-1
% *
Krke — Xoqre = E Tictih—i = E Aieg g
=0 i=0

The variance of the forecast error for the p-th variable is

k—1 T

2
D 2 A
i=0 \j=1

The ratio 1
- 2
Zi:l Ai,pq

S (T 42,,)

then gives the contribution of the ¢-th structural innovation to the forecast error variance of the

p-th variable.

Once we establish the asymptotic normality of the coefficient estimator of the VAR process,
we may use the Delta method to establish the asymptotic normality and obtain the (pointwise)
confidence interval (bands) of the impulse responses and the variance decomposition ratios. See
Liitkepohl (1990) for details. Runkle (1987) suggests using simulation or bootstrap methods to
obtain the confidence intervals. See also Kilian (1998, 1999), Sims and Zha (1999), Gongalves and
Kilian (2004) and Inoue and Kilian (2020).
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7.8 Order Selection for VAR Models

We may use the information criteria to select the order of VAR models. We consider three criteria.
The Akaike Information Criterion (AIC) for an VAR(p) model is defined as

AIC(p) = Indet(X) + 2]);2
where ¥ is the ML estimate of Y, n is the dimension of the random vector X;, and T is the sample
size. Note that pn? is the number of free parameters to estimate in the model (if we ignore the
constant term). The Bayesian Information Criteria, or the Schwarz Criterion, for an VAR (p) model
is defined as )

BIC(p) = Indet() + 22 TIDT.

The Hannan-Quinn Criterion for an VAR(p) model is defined as

. InlnT
HQ(p) = Indet() + 2%.
We choose the order p so that either AIC or BIC or HQ is minimized. It is know that AIC

tends to choose an order that minimized the forecast mean square error, while BIC or HQ tends to

choose an order that is consistent. For details, see, e.g., Liitkepohl (2005, Chapter 4).

7.9 Bayesian VAR

A very popular way to estimate VAR models is through Bayesian approaches. We shall not go into
details here but refer readers to references, e.g., Hamilton (1994, Chapter 12) or Liitkepohl (2005,
Sec. 5.4).

7.10 Vector Autoregressive Moving-Average Model

Just as in the univariate case, we have a vector version of autoregressive moving-average model,
abbreviated as VARMA. The theory of VARMA models is more involved, and we shall refer the
readers to, e.g., Liitkepohl (2005, Part IV).

7.11 Some Results of Matrix Algebra

Suppose that A, B, C, D are matrices. Suppose that in each of the following entries the dimensions
of the matrices are appropriate such that the operations of matrices are well defined. We have

1. (A®B) =A'"® B

2. (A@B)'=A"1'® B L

3. (A® B)(C® D) =(AC) ® (BD).

4. vech(A) = vec(A').

5. (A® B)vech(C) = vech(ACB').
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6. tr(ABC) = tr(CAB).
7. vech(A)'vech(B) = tr(AB’).
8. vec(ABC) = (C' ® A)vec(B).
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8 State Space Models and the Kalman Filter

8.1 State Space Models

A typical state space model consists of a measurement equation
yt = Awy + Bry + uy

where 1 is a random vector of interest, x; is a vector of exogenous or predetermined variables, w;

is a vector of possibly hidden states, and a transition equation
Wt = th,1 + vt

which specifies the law of motion of the state. The two error terms u; and v; are assumed to be
serially and crossly uncorrelated with mean zero and variances R and @), respectively. We assume
that the initial value wq is uncorrelated with u; and v;, and that {u;,v;} is jointly normal.

The state space models are very useful since many systems in economics involve unobserved
variables, and many econometric models have state space model representation. For example, an
ARMA(p, ¢) model specified by a(L)y; = 6(L)e; with a(L) =1 —a1L — -+ — a,LP and 6(L) =
1+601L+---+40,L% may be written in the state space representation

Yt = Q(L)Ztu

a(L)z =&

where z; = a~1(L)e;. 2, as an AR(p) process, has an VAR(1) representation (as in the transition
equation above). As we shall see later in this chapter, we may obtain the exact likelihood of an

ARMA process by its state space model representation.

8.2 The Kalman Filter

We define the filtration {F;} (an increasing sequence of o-algebras or more intuitively, “information
sets”) by
‘Ft = 0(91,3/27--~,3/t)'

By exogeneity or predeterminacy of x;, we mean that x; is F;_1-measurable, or z; is “known” given
the information F;_1. We denote
Ws|t = E(ws|Ft),

Ysie = E(ys| ),

Qg = Var(ws|F),

9© 2017-2021 by Bo Hu. All rights reserved.
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and
Es\t = Var(ys|]:t)

where E(-|F;) is the conditional expectation given F; and Var(:|F;) is the conditional variance given

Fi. For a random variable X, its conditional variance given a o-algebra F is defined by

7

Since y; = A(T wo + T vy + -+ Tw_1 +v¢) + Bay + ug, we have that E(ysv]) = E(ysu}) = 0
for all s < t. Under normality, this implies that {ys}i;ll is independent of v; and u;. Then we have
that

Var(X|F) = E[(X - E(X|-7'—))2

E(’Ut|ft_1) = E(ut\}}_l) = 0.

Taking conditional expectations with respect to F;_1 on both sides of the measurement equation

and the transition equation, we obtain
Wt|t—1 = th—1|t—17

Yeji—1 = Awy_y + By
It is also easy to calculate the conditional variances by definition and obtain
Q1 =T 1y T+ Q
and
Et‘t—l == AQt‘t—lA/ + R

The above step of getting the conditional distributions of w; and y; given information up to time
t — 1 is labeled prediction.
Write

Yt — Yejp—1 = Alwr — wyp—1) + uz.

The prediction step implies that

1] )

Since wyy = E(wy|ys, Fr—1) and Qyp = Var(wy|ys, Fr—1), by Theorem 5.10, we have

Wt—1

Fiar='N (

Ytit—1

Wy = Wyjg—1 + Qt‘t,lA’Et_‘tl_l(yt — Yejt—1)

and

Qt\t = Qt|t—1 - Qt|t—1A/E;|t1_1AQt\t—1'
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The above procedure is labeled updating since we updated the conditional distributions of wy

given that we have a new observation y;. We may see that the updating rule for {w;}, given by

Wyy|t — Wy—1, i proportion to the forecast error of {y;}:

We sometimes call the proportion K; = ;1 A'S

Wyp|t — Wejg—1 = Qt|t71AIEt_|t1_1(yt - yt|t71)-

-1

fe—1 the Kalman gain. The Kalman gain can

thus be interpreted as the weight assigned to the information that is newly available at time t.

8.3

Kalman Filter and Maximum Likelihood Estimation

We may obtain the maximum likelihood function of (yi,...,yr) as follows:

(a)

(b)

()
(d)

8.4

Start from an initialization value wy)g, op. For given parameters (denoted by 6), set the
step-zero log likelihood Ly(#) = 0.

Given wy_yj4—1, Q—1)s—1, update to get wys_1, Qejr—1, Yeje—1, Zeje—1- Then ye|Fr1 =a N(yyji—1, Zgje—1)-
Then we may write down the log likelihood function ¢,(0) of y|Fi—1 as

n 1 1 _
6(0) = 3 In 27 — 3 Indet 3y — i(yt - yt|t71)/2t|t1_1(yt — Yejt—1)

and set £,(0) = L1-1(0) + €:(0).
Update to obtain wys, 4
Repeat (b) and (c) until we get L7(0).

Smoothing

Often we are interested in estimating w; given all the observations (y1,...,yr). To obtain wyp =

E(w¢|Fr), we note that since

Yok = AT wipy + TF 200 + -+ 4 Vi) + Bougk + Ui,

given w1 and Fi, Yy is uncorrelated with, and therefore independent of, w;, we have that

E(wt|wt+la ]:T) = E(wt|wt+1a th)

Since wiy1 — wyp1p = T(we — wypg) + vey1, we have Cov(wy, wiy1]Fr) = QT’, and then

E(wi|wet1, Fr) = wyp + Je(wip1 — wipape)

where J; = Qt‘tT’Qfl Note J; is obtained by projection. Then

t+1t

wyr =E (E (we|wey1, Fr)

]:T> = wyjp + Je(Wip17 — Wigape)-
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To obtain Qyp = Var(w¢|Fr), write the above equation as wyp — wyy = Ji(Wep1j7 — Wep1p)-

Since E(wgp|Ft) = w,), we have that
E(ws|T - ws\t)(ws\T - ws|t), = IE:’ws|Tw;|T - Ews|tw;\t'

Similarly, we may derive

/

Ews‘twsl

. = Bwsw), — E(ws — W) (ws — ws‘t)/ = Ewsw!, — Qe
Now it is easy to deduce that
Qyr = Qe + T+ (g1 — Q1) Ji-

It should be noted that without normality, the Kalman filter does not provide the conditional
mean and variance of the state variables. However, if we take F; as the linear span of (y1, - ,y),
and view E(:|F;) and Var(-|F;) respectively as the projection on F; and the variance of the F;
projection error, then all previous derivation continue to hold, and the Kalman filter yields the

minimum MSE linear estimate of the state variables.

8.5 Markov Chains

Let the underlying probability space be (2, F,P). For our purposes it suffices to consider time-
homogeneous Markov chains with finite state spaces in discrete-time.

Let {X,} be a sequence of random variables taking values in a finite set {a1,as,...,an}. Let
{Gn} be an increasing sequence of o-algebras (information sets) such that --- C G, C Gy C --- C
F. We say that {(X;,G;)} is a Markov chain if

P(X; = aj|Gi—1) = P(X; = aj| X¢—1)

for all j and ¢. If in addition, P(X; = a;|X;—1) is independent of time ¢, we say that the Markov
Chain is time-homogeneous. We usually take G, = o(X1, Xo,...,X}), just as in the previous
chapter. In that case, we say that {X,} itself is a Markov chain, or simply that {X;} is a Markov
chain.

From now on, we assume that {X;} is time-homogeneous and denote

P(X; = aj| X¢—1 = ai) = pij.

108



The transition matriz of the Markov chain is a matrix defined as

p11 P12 -+  DPIN

P21 P22 -+ DP2N
P = . .

PN1 PN2 - DNN-

It is obvious that each row of P sums up to one.

8.6 Hamilton’s Markov Switching Model

The Hamilton’s Markov switching model is given by

Yt = Ms, + W,
and
a(L)w, = &
where y; is the observed variable, a(z) = 1 — ajz — -+ — ap2P, {s:} denotes the state, which is

assumed to be a Markov chain and independent of F;_1 = o(y1, %2, ..., %:_1), and g; ~ iid N(0, o?).
Note that in this model, the mean of y; is dependent on the state s;.

The Hamilton’s filter has two steps, i.e., prediction and updating. We first consider the case in
which w; is AR(1). For notation convenience, we denote by p(X|G) the conditional density function

of X given information set G. To predict, we note
p(sts st—1|Fi—1) = p(selsi—1)p(si—1]Fi-1)

and

p(yelFi-1) = Z p(yelst, se—1, F—1).

St,St—1

To update, note that

P(Ye|St, St—1, Fr—1)D(St, St—1|Ft—1)
p(ye| Fi-1)

p(5t7 3t—1|]:t) =

To start the algorithm, we set p(sg|Fp) to be the unconditional probability of the Markov chain.
Also note that p(s¢|F;) can be obtained by marginalizing p(s;, s—1|F%).

For general AR(p) process of w;, we may look at p(s,...,s—p|Fi—1) and p(s¢, ..., Si—p|Ft) in
place of p(s¢, si—1|Fi—1) and p(s¢, si—1|Ft), respectively.

In the smoothing step, we obtain p(s¢|Fr). We look at the AR(1) case first. We start from
p(st, sT—1|Fr). We have that

P(St+1, Sty St—1|Fr) = p(St—1|St+1, St, Fr)p(Se+1, S¢|Fr)
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where

p(si—1]8t41, 56, Fr) = p(si—1|5t41, 8¢, Ft) = p(s¢-1|5¢, Ft).
Note that the first equality is due to the AR(1) property that
P(YesrlStet1, se, 5t-1, Ft) = p(YerklSta1, st, Ft)

for all £ > 0. The second equality is due to that

p(ser1lse, se—1,Ft) = p(st41l5¢, Fr)
and the Bayes formula. The term p(s;—1|s¢, F;) can be obtained by

p(se, si-171)

S¢—1|St, Ft) =
Plstls Fo) p(s¢|Ft)

using results in the prediction and updating step. In the end, p(s¢, s;—1|Fr) and p(s;—1|Fr) can be
obtained by marginalization.

For general AR(p) process of wy, we may use

p(8t+1, ceey St—p|]:T) = p(st—p|st+17 coe s St—p+1, fT)P(St+17 cee 73t—p+1’]:T)-
Note that
P(St—p|St41,- -+ St—pt1, F1) = P(St—p|St41s - - - St—p+1, Ft)
= p(St—plSts - - s St—pt+1, Ft)

_ p(3t7 - vy St—p, ft)
p(St, <oy St—p+1, ]:t)
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9 Conditional Heteroskedasticity

Sometimes we are interested in not only the level of a time series, but also the second moment
information of it. For example, volatility is the standard deviation of (log) returns of a financial
asset. Volatility of financial assets is usually time varying, meaning that it is subject to large
changes over time. Since volatility is a measure of risk, it is an important factor in asset pricing.
For example, the well-known Black-Scholes formula for the price of a European call option is given
by
o = P®(z) — Kr'®(z — o1\V/0)
and
_ In(P/Kr)

1
o= BT ) L 2V,
Ut\/z 2t

where P; is the current price of the underlying stock corresponds to the option, r is the risk-free
interest rate, ¢ is the time to expiration, K is the strike price, ®(-) is the cumulative distribution
function of the standard normal distribution, and o; is the conditional standard deviation of the log

return of the underlying stock. This chapter is devoted to models of conditional standard deviation.

9.1 The ARCH Model

Let {y:} be the time series of interest and {F;} be a filtration representing the information flow.
Let u; = E(y|F;—1) and 07 = Var(y;|F;_1) be the conditional mean and the conditional variance
of yy given Fi_1, respectively.

Suppose {y;} follows an AR(p) process

Yt = G0 + P1ys—1 + Gayp—2 + - - + Gpyr—p + us,

where u; ~ WN(0,0?). If all roots of the polynomial ¢(z) = 1 — ¢12 — -+ — ¢,2P lie outside the
unit circle, the series is weakly stationary, and has constant unconditional mean and unconditional
variance. If we let F;_1 be the o-algebra generated by all innovations u; (and therefore all ;) prior

to t, we have
pe = ¢o + GP1ys—1 + P2yr—2 + - + OpYi—p,

i.e., the conditional mean is time varying. Similarly, the conditional variance of a weakly stationary
time series can also be time varying. A popular model for time varying conditional variance is the
Autoregressive Conditional Heteroskedastic (ARCH) model proposed by Engle (1982).

The ARCH model assumes that wu; is serially uncorrelated but dependent. To be specific, an
ARCH(m) model assumes that

Ut = Ott,

9© 2017-2021 by Bo Hu. All rights reserved.
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where {e;} is a sequence of iid random variables with mean zero and variance one, and

U? =ap+ awf,l + agu?ﬂ + -+ amu?,m
for some ag > 0 and «; > 0. The coefficients a; must satisfy some conditions so that the uncondi-
tional variance of u; is finite. We usually take €; to be a normal or a Student’s ¢ random variable.

It is easy to verify that o = Var(u¢|F;—1). Note that we may also represent the above ARCH

process as
2 _ 2 2 2 1
up = ap + aquy_ + aoup_g + -+ auur_,, + we (9.1)
where w; is a white noise process. Obviously, we have 0? = ap/(1 — a; — -+ — ). For the

unconditional variance to exist, it requires that oy + -+ 4+ o, < 1.

ARCH model is a simple and easy to use model. One good feature of the ARCH model is that
even if &; is normal, the unconditional distribution of u; generated from ARCH has a fatter tail
than a normal distribution. This fat tail phenomenon appears frequently in finance. However, it
does have some drawbacks. First, ARCH models assume that positive and negative shocks have
the same effects on the variance of the time series since the shocks enter into volatility in the form
of squares. Second, the ARCH models are restrictive in term of the possible ranges of the ARCH
parameters. Third, ARCH models are likely to overpredict the volatility in finance (see Tsay (2010,
p. 119)).

The test for the existence of ARCH effect is based on equation (9.1). Once we obtain u; or

estimated 4, we test for the null hypothesis that 8; = 0,7 = 1,2,...,m jointly in the regression
2 _ 2 2
uy = Po + Prug_y + -+ Bmui_p + €

A Wald test or an F-test may be applied.

9.2 Estimating ARCH Models

The ARCH models can be estimated by conditional maximum likelihood. Suppose that we have
data up to time T'. The conditional density function of (w41, Umt2, - - -, ur) given (ug, ug, -+ , Um)
is

f(um+1a e ,’UJT|U1, e 7um) = f(uT|]:t71)f(qul‘]:t72) e f(um+1|]:m)

Under normality of €;, we have

T 2
1 U
f(um-‘rlv'”;UTUl,...,’U,m): H exp <_t)7
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and the log likelihood function (ignoring the constant part) is given by

T T
1 , 1 u?
€(5m+1,5m+2,...,€T|ao,a1,...,am):—5 E In o} ~3 g ot
t=m+1 t=m+1 t
where o7 is a function of ag, aq, . .., .

When wu, is not directly observable but comes from a regression

yr = a0 + ug,

we may replace u; with y; — 2} in the above expression of likelihood and estimate 3 and the
a’s jointly. We may also assume that the conditional distributions are Student’s ¢ distributions
or the generalized error distribution (GED). The likelihood functions could be obtained similarly
by sequential conditioning. Under some conditions, the quasi-maximum likelihood estimation also
generates consistent estimators. See Hamilton (1994, p. 663).

The ARCH order m could be determined using the PACF of u?.

9.3 The GARCH Models

There are many variants to the ARCH models. One of the most popular class of variants to ARCH
is the generalized ARCH model by Bollerslev (1986). If u; = y; — puy follows a GARCH(m, s) model,
then

Ut = OtEt,

2 2 2 2 2
of = +orup_y + - Fapui_y, + Bioi + -+ Bsoig,

where ¢; is a sequence of iid random variables with mean zero and variance one, a > 0,; > 0, 8 >
0, and Zﬁvls(ai +8i) <1 (o or B; are set to zero if they do not exist). The unconditional variance
is Bu? = ao/ (311 (a; + Bi)). Note that GARCH equation could be written as

uf = ag+ (o1 + Bui g + -+ (o + Bpui, + we — Brwg—y — -+ — Bewi—s

where p = mV s and wy = u? — o7 is a white noise process. This implies that {u?} is an ARMA (mV

s, §) process.

We may continue to use the maximum likelihood estimation to estimate GARCH models, pro-
viding that the starting values of the volatility are assumed to be known. For issues regarding the
choice of initialization values, one may refer to, e.g., Bollerslev (1986).

In both ARCH and GARCH models, when the conditional mean function is not known, we may
first estimate the conditional mean function, treating the ARCH/GARCH effect as non-existent.
Then we use the fitted residuals as an observed series and use their ARMA representations to
estimate the ARCH/GARCH parameters. Although the properties of such estimators are complex

and not clearly known, in practice it turns out to provide good approximations. See Tsay (2010,

113



p. 140).

9.4 The GARCH-M Model

Since volatility is a measure of risk, it is usually priced in finance. Financial returns are there-
fore dependent on the volatility of their underlying assets. One model for financial returns that
incorporates volatility as a price factor is the GARCH-M model, or the GARCH-in-mean model.
A version of the model was first proposed by Engle et al. (1987). A GARCH-M model takes the
form of

Y = T4y + 607 +

Ut = Ot€t,

2 2 2 2 2
oy =og+oquy_q + - + AUt _yy, + ﬁlo't_l + 4+ Bso't—s'

Note that y|z¢, Fy—1 =4 N(z}y + 602, 0?) under the normality assumption of g;. The GARCH-M
model could therefore be estimated by conditional maximum likelihood.
We could also have other specification. For example, we could have y; = x}y + do + u; or

yr = oy + Sno? + .

9.5 The EGARCH Model

Nelson (1991) propose the exponential GARCH (EGARCH) model. If u; follows an EGARCH
model, then

Ut = Ott,

oo
Ino? =m+ Y mi(leri| — Eleei| +vers),
i=1
where ¢; is iid with mean zero and unit variance.

The parameter v in the EGARCH model can generate asymmetric dynamics in volatility. When
v = 0, a positive shock to € (and therefore the level y) has the same effect on the volatility as a
negative shock of the same magnitude. When —1 < v < 0, a positive shock has a weaker effect
on the volatility than a negative shock of the same magnitude. When v < —1, positive shocks
and negative shocks generate effects of different directions. If the ms are positive and v < 1, the
model generates the so called leverage effect: the negative correlation between asset returns and
their volatilities.

To estimate the EGARCH models, one has to give a parametric specification for the infinite
sum. Usually, as in the ARMA models, we assume that 7(L) = > ,_; m; L’ can be expressed as the
ratio of two finite order lag polynomials. As a consequence, the model may be parameterized in an
ARMA form as

o} = o+ filnoi g+ + Bsnop_,, + i (lep—1| — Eler—1| + ver1)
+ (‘5t7m| —E |Et7m| + V5tfm) .
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Given a distributional specification of €;, we may estimate the model with conditional maximum

likelihood estimation.

9.6 Other Models of Conditional Heteroskedasticity

There are many other variants to the ARCH models that appear in the study of financial econo-
metrics. The threshold GARCH model proposed by Glosten et al. (1993) captures the asymmetric
effect by specifying the dynamics of conditional variance on top of the basic GARCH setting as

m S
O'tQ =aqag + Z(Oéi + '}/iltfi)u?—i + Z UtQ—z‘»
i=1 i=1

where I; is an indicator function defined by

I — 1, ifu <eg,
0, otherwise

where c is a constant that represents some threshold. This model can be estimated by conditional
maximum likelihood.

A time series y; is said to follow an RCA(p) model if
p
Yt = do + Z(¢z + 0it)Yi—i + &t
i=1

where 0; = (014,02, ...,0p)" is a sequence of independent random vectors with mean zero and

variance (5, and {d;} is independent of {e;}. The conditional mean of y; is
P
Bt = ¢o + Z OiYt—i,
i=1
and the conditional variance of the model is

0152 = U? + W15 Y p) W (Y1, Ytp) -

This model could be estimated by conditional maximum likelihood estimation.
Another way to generate time-varying volatility into the model is to introduce an innovation
to the conditional variance equation of u;. Such models are called stochastic volatility models. A

stochastic volatility model takes the form of
Ut = O,

2 2 2
Inoy =ap+arlno; |+ +aplno;_,, + v,
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where v; are iid normal random variables with mean zero and variance o2, and {e;} and {v;} are

independent. To estimate these models, we need to use quasi-maximum likelihood with the Kalman
filter, or use Markov chain Monte Carlo (MCMC) method.

9.7 Multivariate GARCH

We may easily generalize the GARCH model to the multivariate setting. A multivariate GARCH
model takes the form of
yr = Hay + ug,
Ht - ]E(utuﬂyt—l) Yt—25 oo s Tt—1,Tt—2,5 - - ‘)7
Hy = Ao + Aywg—uy AL + -+ + Apwg—yuy_1 A}, + BiHy_1B] + - - - + BsH;_ 3B,
where y and x are vectors, u is a vector white noise, and H, A and B are matrices. To estimate
the model, we continue to use conditional maximum likelihood, but usually we need to restrict the

parameters so that the numerical maximization becomes feasible. For example, we usually restrict

Hs to be diagonal. Sometimes we also restrict A and Bs to be diagonal
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10 Nonstationary Time Series

Studies have shown that many of the financial and aggregate macroeconomic time series exhibit
features of random walk or nonstationarity. Influential examples include Hall (1978), Nelson and
Plosser (1982) and Marsh and Merton (1986).

10.1 The Invariance Principle

Let the probability space be (€2, F,P). A continuous-time stochastic process W = (W;);er, is
called a standard Brownian motion (or a Wiener process) if

(a) Woy(w) =0 for all w € Q,

(b) The mapping t — Wi(w) is a continuous function for all w € Q (continuous sample paths).

(c) For every t,h > 0, Wy, — W, is independent of (Ws)s<¢, and has a normal distribution with

mean zero and variance h (independent Gaussian increments).
A vector Brownian motion B = (By)er . Wwith covariance matrix = is the stochastic process

(El/ 2W,;) where W, is a vector Brownian motion whose components are independent standard
Brownian motions.

Let {w¢}¢=12,. be a sequence of m-dimensional random variables. Define
1 (Tr]
— ﬁ tz:; wy
for 0 <r <1. If B,, -4 B where B is a vector Brownian motion with covariance matrix

T /
== nangO E (Z wt> (Z wt>
t=1

provided that Z exists, then we say that {w;} satisfies the invariance principle (IP) or functional
central limit theorem (FCLT). It is easy to see that = is the long-run variance of {w;}. It is well
know that if {w;} is an iid sequence with Cov(w;) = X, then it satisfies the IP with covariance X.
This is called the Donsker’s theorem. See, e.g., Billingsley (1999, Chapter 14).

The invariance principle becomes very powerful when applied with the continuous mapping
theorem: if X,, —4 X where X has distribution P and f is continuous -a.s., then f(X,) —4 f(X).
For example, let By, —>d B. Since the function f from the space of all continuous functions on [0, 1]
to R defined by f(g fo r)dr is continuous, we have that fo Br(r)dr —4 fo r)dr. Similarly,
we have results hke fo rBr(r)dr —4 fo rB(r)dr. Also, we have Bp(1) —4 B(1 ), which implies

that
T

Z wy —q N(0, E).

=1

Therefore, the functional central limit theorem implies the central limit theorem. Actually, the

9© 2017-2021 by Bo Hu. All rights reserved.
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functional central limit theorem implies much more than the central limit theorem.

The invariance principle holds not only for iid sequences, but also for heteroskedastic and
serially dependent series, given that the heteroskedasticity and serial dependence are appropriately
controlled. For example, IP holds for sequences that satisfy certain mixing conditions and also for
martingale difference sequences that satisfies the conditions in Theorem 2.31. See, e.g., McLeish
(1974, 1977), Kuelbs and Philipp (1980), Herrndorf (1983, 1984a,b, 1985), Peligrad (1985), Eberlein
(1986), Phillips and Durlauf (1986) and Phillips and Solo (1992). Also, IP holds for general linear
processes.

Theorem 10.1. Let -
Wy = (I)(L)gt = Z ©i€t_i
i=0

where Y211 |®;] < 0o and g ~ iid (0,3). Then

where B is a Brownian motion with covariance matriz ®(1)X®(1).

Proof. The series {w;} admits the Beveridge-Nelson decomposition representation
Wy = (I)(l)Et - (et — etfl)

where e, = >, Z‘;; 41 #j€t—i- Note that by Chebyshev’s inequality e; = Op(1) uniformly in .

Then we have

\/lfzwt = (I)(l)\/lT Zé’ft + \}T(eT'r’ - 60) —q B
t=1 t=1

where B is a Brownian motion with covariance matrix ®(1)X®(1)". [ ]

Phillips (1987a) shows that under suitable weak dependence and heteroskedasticity conditions

for wy, we may establish an asymptotic expansion for Bp(r) given by
BT(T‘) =d B(T‘) + R

where R could be Op(T_l/ %) or O,(T™1), depending on the third-order cumulant of the process
BT(T).
10.2 Introduction to Stochastic Calculus

Before we introduce our important results, we first introduce the idea of stochastic integral. The
formal theory of stochastic integral is very involved. We will just give some of the main ideas here.

Let M = {M(t)} be a continuous-time martingale process with respect to some filtration (F¢):>0
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and X = {X(¢)} be a continuous-time stochastic process that is adapted to (F:). Recall that if g

is a continuous real function and h is of bounded variation on [a, b], then for the Riemann sum

where a = tg < t; < -+ < t, = b is a partition of [a,b] and s; € [t;, t;+1], its limit exists as the
partition becomes finer and finer, and the limit, which we denote by the Riemann-Stieltjes integral
f; g(t)dh(t), is independent of the choice of s;. However, if we apply this idea to X and M and try

to figure out the limit (in some probability sense) of the partial sum

n—1
D X(s)(M(tiyr) — M(t)),
i=0
we find that the limit depends on the choice of s;. This is because M is not of bounded variation.

We therefore define the Ito integral as

b n—1
[ X (00 = plim 3 X ()M (t121) - M(0),
a i=0

where the limit is taking as the partition becomes finer and finer. It is known that the Ito integral
is well defined if M is square integrable, that is, EM?(t) < oo for all .

To state the Ito formula, which plays the role of the fundamental theorem of calculus in the
stochastic integral setting, we define the quadratic variation [X]; of a stochastic process (X;) to be

the limit in probability of

n

Z(th — Xty )2

k=1
where the limit is taken over all partitions of the interval [0, ¢] such that the mesh of the partition
goes to zero. It is well known that [W]; =t for a standard Brownian motion W, and it is easy to
derive that if B; is a Brownian motion with variance o2, then [B]; = o*t. The covariation [X,Y];

of two processes X and Y is defined to be the limit in probability of

n
Z Xy, = Xy, (Y;fk }/tk:—l)
k=1

where the limit is taken over all partitions of the interval [0, ¢] such that the mesh of the partition
goes to zero.
Now if f is a twice continuously differentiable function and M is a square integrable martingale

process, ,
df(My) = f'(M)dM; + §f”(Mt)d[M]t-

If (M) and (N) are two square integrable martingale process with respect to some filtration
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(F}), then the integration by parts formula for Ito integral is given by
/ N(t)dM(t) = N(t)M(t) — N(0)M(0) — / M(t)dN(t) — [N, M];.
0 0

This formula can be generalized to the case in which the two processes are semi-martingale. In
particular, if X = R+ M and Y = S + N where M and N are defined as above and R and S are

Fi-adapted continuous processes of bounded variation, then

/ Y (AX (1) = V(1) X(8) — Y(0)X(0) — / " X(0)dY (1) — [N, M],.
0 0

For a full treatment of stochastic integration, see, e.g., Karatzas and Shreve (2000, Chapter 3).

We now introduce a result from Chan and Wei (1988), whose proof we shall follow next.

Theorem 10.2. Let {X,} and {Y,} be two sequences of random wvariables such that {(Xy,Y:)}
is a martingale difference sequence with respect to a filtration {F;} with E(X?|F_1) < ¢ and
E(Y2|Fi—1) < ¢ for some ¢ > 0. Suppose

[Tr] [Tr]

th, ! ZYt —q (H,W)

where H and W are two Brownian motions with respect to a filtration (G;). Let Zy = S _ Xu.
Then

T 1

1

72 2z [ H@IwE)
t=2

Proof. For notation convenience, write Hrp(r) = fZ[TT] X; and Wp(r) = f Z[TT] Y;. Since
(Hp,Wr) —4 (H,W), by the Skorokhod representation theorem, there exist a probability space
(Y, F',P') and random elements Hrp, Wy with values in D[0, 1] such that (Hp, Wr) =4 (Hp, Wr)
and (Hp, Wr) converges in the Skorokhod topology to (H, W) almost surely. Since H and W have

sample paths in C]0, 1], convergence in the Skorokhod topology implies uniform convergence, i.e.
ple p y L1 g pology 1mp g ) )
sup ||(Hp(r), Wr(r)) — (H(r), W(r))|| = 0 a.s..

T

See Billingsley (1999, Section 12). Let

or=3 o () (e () - (7)),

Then G =4 %Zthg Z;_1Y; (note that Hrp(0), therefore Hp(0), are zero for all T). We need to
show that Gr —4 [;} HAW.
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Fix ¢ > 0. By Egorov’s theorem, there exists A € F’ such that P'(A°) < e such that

sugsup |(Hp(r,w), Wr(r,w)) — (H(r,w), W(r,w))|| = dr =0

we r

where {07} is a sequence of non-random numbers. For each T', we may choose an integer kp such
that kr — oo, kT(S% — 0 and kr/T — 0 as T — co. Then for each T' we may choose a sequence of
integers {nr1,nr2,...,nrE, tin {1,..., 7}, which in turn defines a partition {t7o,t71,. .., tre, } of
[0, 1], such that tp; = nTi/T, 0=tpo <tr1 < - <tpp, =1 and that max; ’tT,i—&-l — tTi’ — 0 as
T — 0.

Let

kT

Jr=Gr =Y Hr(te1)(Wr(ty) = Wr(te-1))
k=1

S (e (3) ) (e () - (7))

Properties of martingale difference sequences implies that

it =5 S e o () ) (w1 (52) - (4))

k=li=nr r_1

- nr—1 < nT,kl) l
> 5 r )7

k=11i= =NT k-1

kr
< Z(tk — tkfl) = 0(1)
k=1
Therefore,
kT
Gr =Y Hr(tr—1) (Wr(te) = Wr(tr-1)) + op(1).
k=1

By Cauchy-Schwartz inequality,

Er 2
E <IA > (He(th—1) = H(tr=1))(Wr(tr) — WT(%—l)))

k=1

k1 kT
<E (Z(HT(tk—l) - H(tk—l))21A> <Z(WT(tk) - WT(tk—l))2>
k=1 k=1
kr

<kpéz Z E(Wr(ty) — Wr(ti—1))?
k=1

SkT(S%C — 0.
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Therefore,
kT

IAGr =14 H(tp1)Wr(te) — Wr(te—1)) + op(1).
k=1

With summation/integration by parts and a similar argument as above, we have

kr
Iy H(te—1)(Wr(ty) = Wr(ti-1))
k=1
kr
=—Ia > Wr(ty)(H(tr) — H(ty—1)) + H1)Wr(1)
k=1

kr
=12 W(t)(H(tx) — H(tp—1)) + HL)W(1) + 0p(1)
k=1
kr
=Ix Y H(tp—1)(W(ty) = W(tp-1)) + 0p(1)
k=1

1
:IA/O H(r)dW (r) + op(1).

The last equality follows from the definition of Ito integral. Since € is arbitrary, we have that
Gt —q fol HAW . This completes the proof. [

We make a few remarks here.

(a) We make replace the martingale difference sequence assumption on X; by the assumption
that {X;} is an F;-adapted mean-zero weakly stationary time series with absolute convergent
autocovariances without essentially affecting the proof. (The only difference is that in some
places of the proof ¢ may need to be replaced by ¢~ |v(k)| where (-) is the autocovari-
ance function of X;.) Phillips (1988b) provides similar results of convergence to stochastic
integral for innovations that satisfying some strong mixing conditions.

(b) This proof can be directly generalized to the multidimensional case. In particular, if H and
W are two vector Brownian motions whose components are denoted respectively by H’ and
W, then the fol HdW’ is defined to be the random matrix whose (i, j)-th entry is fol H{dWJ,

10.3 Some Important Asymptotic Results

Now we assume that w; is a linear process defined as in Section 10.1. Let z; = 25:1 w;. The
process {z} is said to be an integrated process. Such a process contains a stochastic trend, which
should be obvious if one plots the process.

Besides stochastic trends, we also need to deal with deterministic trends. Let {¢;} be a sequence
of deterministic vectors whose i-th component is denoted by {c¢;;}. Suppose there exists §; > 0 and
fi € L?[0,1] of bounded variation such that fr; € D[0, 1] defined by

Ci[Tr)
T

fri(r) =
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satisfies

fri =12 fi

We assume that the f;’s are linearly independent, and write f = (f1,..., fo).

Now we introduce some important asymptotics.

Theorem 10.3. Let wy, 2, ¢, B be defined as above. Then

T 1
1
o Zcitzt —d / fi(r)B(r)dr,
t=1 0
1 & 1
T2 Z 22 =4 / B(r)B(r)dr,
t=1 0

T 1
1
W Z Citwg —d /(; fz (T)dB(T)/,
t=1

T 1
1
T Zzt,lwg —d / B(r)dB(r) + A
t=1 0
and
1 < !
T Z 24w, —g / B(r)dB(r)" + A’
t=1 0
where A =327 T(k) and A° =372 (T'(k).

Proof. Write Br(r) = —=>-/") w;. Note that By —4 B. We have

T
1 _ 1 Cit 2t
T6:+3/2 ;Cﬁzt -7 Z T% T

t=1

T )T
- A(r)Br(r)d
;/(tl)/TfT (r)Br(r)dr
1

= ; fri(r)Bp(r)dr

1
—d /0 fi(r)B(r)dr.

Since the mapping (g1, g2) — fol g1(r)g2(r)dr is continuous, the last step follows from the continuous
mapping theorem. The integration is in the Lebesgue sense.

Similarly, we have

/

T T 1
1 , 1 Zt % ,
= E 212 = E — Hd/ B(r)B(r)'dr.
T2 = —~VTVT 0

=l
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Use summation and integration by parts, we have

- R
/
_— CitWy = ———= Cit(zt - thl)
5;+1/2 Z et §i4-1/2 Z
T P T p—

T
_ Grwr Cit — Cit—1 2t
T oéi+1/2 E: 5 I
T t=1 T T

1

— fro()Br(1) — / Afri(r)Br(r) + op(1)
1
S H)BY — / afi(r)B(r)
1
_ /0 £i(r)AB(r).

Note that the third equality is due to the definition of Stieltjes integrals and that fr; and f; are of
bounded variation. The convergence in distribution is due to the continuous mapping theorem, and
the last equality is due to integration by parts of Ito integral and the fact that the cross variation
of a continuous martingale with a process (function) of bounded variation is zero.

Write wy = ®(1)er — (er — er—1) = Wy — (er — e4—1). Then @, is a martingale difference sequence

with Bp(r) = ﬁ qu] Wy —q B(r). Using summation by parts, we have

1 & 1< 1 &

/ ~/ /
= g Zt—1Wy = — g Zt—1Wy — E thl(et - €t71)
T t=1 T t=1 T t=1

T T
1 - 1 1
= f tg_l zt,lwg — TZTE,T + T tg_l wteg.

The first term converges in distribution to fol B(r)dB(r)" by Theorem 10.2. The second term
converge in probability to zero since zr = O,(VT) and er = O,(1). The third term converges in

probability to Ew;e}; while

/

o0 00 ]
Ewte; =E (Z ‘I’z’Etz) Z Z @jé‘t,i

i=0 i=0 j=i+1

o0 o0
> e

i=0 j=i+1

o0
@50/,
1=0

o

i
I

I
—~

By
~—

T~

k

Il
—

This completes the proof that Sz W) =g fol B(r)dB(r)'+A’. And this implies immediately
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that & 7 zpw) —4 fol B(r)dB(r) + A° by noting that L S°7 wyw] —, T(0). [ |

The martingale approximation idea in the above proof is due to Phillips (1988a). Also, note
that E% Zthl zi—1wy —p A and IE% Zthl ziwy —p A, So A’ and A°" may be viewed as the bias
terms (the stochastic integrals in this theorem are mean zero). For reference for the later part of
this chapter, let {wy;}, {wa} be two linear processes such that (w},,w),)" satisfies an invariance
principle, whose limit is the Brownian motion (B}, By) with long run variance E = Y22 T'(k).
Let 21, = >y wy and 2o, = > ' wae. Let A = >p% T(k) and A° = 322 T'(k) and partition
them respectively as
A Agg
Ag1 Ao

o o
and 11 12
o o

21 22

to match the dimension of wy; and wy;. Then we have

T 1

1

T E 227t_1w/1t —>d/0 BQ(?")dBl(T)‘f‘AQl
t=1

and

T 1
1 (o]
T E 294wy —>d/0 Bs(r)dBi(r) + Ag;.
t=1

10.4 Unit Roots

We call a time series {X;} integrated of order k, and write {X;} ~ I(k), if the k-th differencing is
needed to make {X;} stationary. That is, {A¥X;} is stationary, or, {AFX;} ~ I(0).

The I(1)-ness of a univariate time series {y;} may be tested through the regression
Yt = Qyr—1 + Ut

where u; is stationary. Under the null, « = 1, and the above equation becomes an autoregression
with a unit root. Therefore, an I(1) process is often called a wunit root process. The tests for
I(1)-ness would therefore be referred to as the unit root tests.

Now we consider the OLS estimate of « given by

T
& = thl Yt—1Yt
=g
Dot=1 Vi1
Note that this is also the maximum likelihood estimator under the assumption of normality. Suppose

that {u;} satisfies the invariance principle with ﬁ Zgﬂl} wy —¢ B(r). Then it is easy to see that

T 1
)y 2oy Jo BU)dB() + A

T(d — T d 1
% dim1 ?/t2—1 fo B(r)2dr

where A = Y22, v(k), v(-) is the autocovariance function of {u¢}. Also, let 4; be the residual of
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the OLS regression, and estimate the error variance by 6% = + Zthl @7, we have

2
T 15T T
1 1 (T Zt:l Z/t—lut> 1
~2 2 _ 2 2
0——5 Ui — =T ——E ui + 0p,(1/T) =p o
T t=1 T T2 Zt:l th—l T t=1

where 02 = Eu?. Then we may define the ¢ statistic (the likelihood ratio test statistics) of a and
have - .
a—1 01 Y1l R Jo B(r)dB(r) + A

t(a) = . (Zthl yt{l)—l/z - 5 <% ZtTﬂthfl)l/z ' o <fol B(T)er)lﬂ

10.5 The Dickey-Fuller Test

If u; ~ WN(0,0?), then A = 0, and B = oW where W is the standard Brownian motion. Then we
have
Jo W(r)dw (r)
T(a—1) =y 01—
fo W (r)2dr
and .
g fo W (r)dW (r)
1/2°
(fol W(T)QdT)

Note that the limit distribution the above two statistics are free of nuisance parameters and may

t(a) —

be obtained by simulation. They are usually referred to as the Dickey-Fuller distributions (Dickey
and Fuller, 1979) and the test for unit root based on the #(«) statistic of the AR(1) model is called
the Dickey-Fuller test. For more details including exact distribution as well as power of tests based
directly on the OLS estimator of a under the assumption of normality, see Evans and Savin (1981)
and Evans and Savin (1984).

10.6 The Augmented Dickey-Fuller Test

We may allow u; to be an AR(p) process. That is, a(L)u; = & where ¢, ~ WN(0,02) and
a(z) =1—a1z— - —apzP. In this case, we may test the null hypothesis & = 1 based on the
regression
P
Y = ayr—1 + Z R Ay, + €t
k=1
The ¢ statistic for « is given by
v—1 Ta—-1
(o) = = = &-1)
2 T oo 7V s 1 T2
o (2 i=1Yi1 o (72 2= Vi

—1/2"
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To obtain &, write v; = (Ay—1,...,Ayi—p) and v = (ou,...,®p)". Note that v is 1(0). Then our

regression model may be written as y; = ayi—1 + vjy + 1. By two-step regression

_ —1
Lr

T T T

2 / /
Z Ye—1 — Z Y104 Z VUt Z UtYi—1
t=1 t=1 t=1 t=1

T T T -1 7
Z Yt—1€t — Z yt—lvé <Z Ut”;) Z Uit
t=1 t=1 t=1 t=1
I 1 /(1 X . I -1 T -1
HES ST (T ZWQ (T sz> (T zy)
=1 =1 =1 =1 |
L I 1 T 1 T -1 T i
* *Zyt—ﬁt - (Ziyt—l%) <thv,§> ( Zw&)
T =1 T =1 T =1 T t=1
T NI
= T2 Z yf,l + Op <T> T Z Yt—1Et + Op(l)]
t=1 t=1
1 & T
= <T2 ZZJE_1> (T Z yt1st> + o0p(1)
=1 =1
Note that if f Z[TT g¢ —q B(r), then ﬁ qu} Up —>qg %. Then
1 B(r T) 1
T(a—1)— f ) _ o) Jy W Y W)
fo (L ) dr W d?“
and B
2dB(r) Lo
t(Oé) —4 0 o(l) fO )

(1 (5) dr)“ (hy e 2dr) i

We may conduct our test based on TSEI)I) or t(a) where &(1) is the OLS estimate for a(1). This

t test procedure above is called the augmented Dickey-Fuller test after Dickey and Fuller (1981).

Said and Dickey (1984) study the case when wu; is an MA process with unknown order, and the
augmented Dickey-Fuller test procedures can still be used. See also Solo (1984).

When wu; is in general serially correlated (not necessarily follows an AR process), the Phillips-
Perron unit root test directly corrects the bias term by nonparametric methods. Interested readers
are invited to refer to Phillips (1987b), Phillips and Perron (1988) and Hamilton (1994, Section
17.6).

One may also conduct unit root tests based on the residuals. See, for example, Sargan and
Bhargava (1983) and Bhargava (1986).

127



10.7 Testing for a Unit Root with Maintained Time Trends

Now we suppose that the time series {y;} is generated as
ye=m'ce +yy

where {c;} is a vector of deterministic sequence and yy is the stochastic component of the process
{y+}. To test for the presence of a unit root in the stochastic component of {y;}, we utilize the
regression

yr = 7cr + oy + ug (10.1)

When ¢; = (1,t)" and || < 1, the process is said to be trend stationary. When ¢, = 1 and a = 1,
the process is said to be difference stationary.

We may also conduct the test based on
Y = Qyp_q + u. (10.2)

Of course, the unobserved y; needs to be replaced with the OLS residual g; from regressing y; on

¢¢. That is,
T -1
U =yt — (Z ytct) (Z tht) Ct

t

(iyt0t> (t 1 ’>_lct

Then it is obvious that the OLS estimator of « in (10.1) is equivalent to the OLS estimator of the
regression (10.2) using the residuals.

On the other hand, let ¢; be the smallest number such that c;p, /T % converges to f; in L2[0, 1].
Let Dy = diag(T°,...,T°") and ¢ = D;'¢;. Then cirr) =2 f(r) = (f1(r), .o, fm(7)).

Then

Il
—

L[]~
o
K

T o
T Zt:l Y1 Ut
T o
Zt:l(yt—1)2

1
T T T T
D1 ViUt — (Zt:l yf—ld&) ( t=1 th{:) D1 Gl
D1 (yf—l - <Zt 1Y€ ) < t= 1tht) Ct)
1 T
T D1 Yeo1lt — (Zt v 10 */) ( Y- Cic f/) Zt 102‘:7*

_1 2
TZtl( (Ztlyt )(Ztlcztc;d) Cf)
%f B(r)dB(r) + A
d

T(G—1) =

Jo B(r)%dr
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where

Br) = B0) - [ By ( / 1 f<r>f<r>'dr) £(r)

is the residual of the Hilbert space projection of B on f, and A = Y7 | E(usu—g).
The unit root test may be based on the above asymptotic result. There are nuissance parameters

in the above result, which we need to estimate.

10.8 Unit Root Test in the Multivariate Case

This part is mainly based on Phillips and Durlauf (1986). Suppose that the multivariate time series
{y+} where y; is given by
Yt = Yt—1 + Uz,

an invariance principle holds for {u}:

where B is a Brownian motion with variance X, which is the long-run variance of the process {u;}.
Now consider the regression

yr = Ays—1 +

and estimate A by the usual OLS estimator for VAR(1) given as

1 & 1< o
A= (szty£—1> (szt—1y£—1> :
t=1 t=1

It is straightforward to show that

1

T(A=1) = (/01 dB(r)B(r)' + A> </01 B(r)B(r)'dr) )

where A = Y72 I'(k) with I'(-) being the autocovariance function of {u;}.

We may also consider a symmetrized version of the estimator given by
1 < 1 & B
A= <2T Z(yty£_1 + yt—l?/é)) (T Z yt—ly£—1> :
t=1 t=1

Using summation/integration by parts techniques as in the proof of Theorem 10.3, we may show
that

1 -1
T(A—1)—y4 3 (B(1)B(1)' — %) (/0 B(r)B(r)’dr)

where ¥ = Euuj.
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The usual Wald test statistics for the null hypothesis is given by

where 3 = %Zthl Ay Ay, is a consistent estimator of 3 under the null. Note that the limit
distribution of the Wald test statistic has nuissance parameters. Only in the case when {u;} is a

white noise, the limit distribution can be reduced to one without nuissance parameter:

% . [(W(l)W ay 1y < /01 W(T)W(T)/dT> 1]

where W is the standard vector Brownian motion.
To accommodate the case of general {u;}, we consider an consistent positive semi-definite

estimator = of Z. For a construction of such an estimator, see Phillips and Durlauf (1986). Then

it is easy to see that the modified Wald test statistic

T -1
_ & 2 1
Yyryr + (5 — 5)) (TQ E yt%)
t=1

1

1 &
We=W ——tr (TQyTyé“(E =

g itr [(W(l)W(l)’ 1y </01 W(r)W(r)’dr) _1] |

Alternatively, we may use

1/1 1 & Ry
G=tr ||T(A-1I)— B (T?/Tyér - E) <T2 Z?Jtlyé—l)
t=1

1/1 1 & o 1
rA-1-5 (TyTy/T - E) <T2 > yt—1y£—1> + fyérE_lyT
t=1

2
—dXm

where m is the dimension of 7;. Note that under the null, the first part of G converges in probability

to zero while the second part of G converges in distribution of tr(N(0, I)?).

10.9 General Unstable Autoregressive Process

Chan and Wei (1988) study the limit distribution of the OLS estimator of a general AR process
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with roots on the unit circle. To be specific, they consider the process

¢(L)yr = &t

where {¢;} is a martingale difference sequence satisfying some moment conditions and ¢(z) can be

factorized as

!
d(2) = (1 —2)%1+2)° H(l — 2c08 Oz + 22) %) (2)
k=1

where 1(z) is a polynomial with roots outside the unit circle. It has been shown that the different
components of the process that correspond to the 1 root, the —1 root, the e roots, and the
stationary roots, respectively, if properly normalized, converge in distribution to functionals of
Brownian motions. Also, these different components are asymptotically independent from each

other.

10.10 Fractionally Integrated Series

An integrated series {y;} may be written in the form of
(1— L)y = &(L)e,

where {e;} is a white noise process and ®(L) is a lag operator polynomial with absolutely summable
coefficients, and d is an integer which represents the order of integration. Granger and Joyeux (1980)
and Hosking (1981) suggest to generalize the above model to non-integral value of —1 < d < 1,d # 0
by defining y; through

= (1-L)"%®(L)g (10.3)

where (1 — L)~? is defined through the Taylor expansion of the polynomial (1 — z)~¢ at around
z = 0 given by

d(d+1 dd+1)(d+2
D) o A+

I'(d+j) ;
—1—1—2 j+1z]

(1-2)%=1+dz+

and I'(+) is the gamma function. Note that we have used the relationships that j! = I'(j + 1) and

that d(d+1)---(d+j—1)= Fl(fl(;)j), given that d and d 4 j are not negative integers. The latter

term is called a rising factorial.
Write (1 —2)"% = Z(;i hjzl. Using Stirling’s approximation formula for the gamma function,

which states that I'(z) = /2= (£)” (14 O(2)), we can show that hj ~ (j + 1)¢~! for j large, or

) h;
lim;_, GInET = C for some constant C.

This above asymptotic approximation shows that if d < 3, >0 h? < 00. Therefore, (10.3)
defines a weakly stationary series. Note that such a series is also causal if ®(-) is causal. In the
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case of d > 3, >0 h? diverges and the right hand side of (10.3) has infinite variance. Therefore,

it cannot represent a weakly stationary time series.

When —% <d <0, (1-L)¥ = >0 h;-Lj has square summable coefficients. Therefore, if (10.3)
represents a weakly stationary time series {y;} with —% < d < 0, then {y;} is invertible if ®(-) is
invertible.

Now let y; = (1 — L)%, for —% <d< % and {z;} be a weakly stationary time series with

spectral density f,. Then we have

—2d

L) =[1=¢ 7 0.

Taylor expansion shows that |1 — ei’\’_Qd ~ CA72® as X\ — 0 for some constant C. If d € (0,1)
and wu; is a white noise, then the spectral density of y; at A = 0 is infinity. This corresponds to a
stationary process that has a large low frequency component, or has a “long memory”. If d € (—%, 0)
and u; is a white noise, then the spectral density of 3 at A = 0 is zero and has derivative co. This
corresponds to a stationary process that has almost no low frequency component, or has a “short
memory”, or “anti-persistent” in the terminology of Mandelbrot (1977).In contrast, a stationary
ARMA process has spectral density converging to a constant C' as the frequency A converges to 0,
where C' is related to its long-run variance.

The fractionally integrated model can therefore be used to describe processes that has long
memory or short memory. Note that the impulse response coefficients decay asymptotically at
the hyperbolic speed (j + 1)1, as opposed to the ARMA case in which the decaying rate of the
impulse response is geometric asymptotically. In general, if (1 — L)%y; is an ARMA(p, ¢) process,
then we call y; an ARIMA(p, d, q) process in the terminology of Hosking (1981), or more explicitly,
an ARFIMA(p, d, q) process.

In practice, the covariance structure of a fractionally integrated process can be well approx-
imated by a large order ARMA process. However, fractionally integrated model can serve as a
parsimonious model for series that has slow decaying multipliers.

In the case of d > % ord< —%, we may difference or sum the original series so that the resulting
series fits a fractionally integrated model of order between —% and %

Granger (1980) shows that long memory processes can arise from aggregating many individual
AR(1) series whose AR coefficients follow a Beta distribution.

10.11 Explosive Roots

White (1958) consider the asymptotic distribution of the estimator & under the explosive root
assumption that || > 1. Using moment generating function technique, the author shows that the

limit distribution of
o "
a? -1

is the standard Cauchy distribution. White (1959) shows that the corresponding distribution of

(@—-a)
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the t-statistic, as opposed to the unit root case, is asymptotically normal. Anderson (1959) and

Rao (1961) consider the case of higher order autoregressive processes with explosive roots.
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11 Cointegration

11.1 Cointegration

Consider the regression

yr = 0+ w

in which z; and y; are I(1), but u; is I(0). In this case, we say that y; and z; are cointegrated, and
the cointegration relationship is given by (=1, 8"). The concept of cointegration was introduced in
Granger (1981) and Engle and Granger (1987).

Suppose that wy = (ut, Ax}) satisfies an invariance principle to a vector Brownian motion
(B1, B,)" where Bj is one dimensional, and the dimension of Bj is the same as that of ;. Let 5
be the OLS estimator of 5. We may easily derive that

755 ( | 1 Balr) Ba(r)ar ) h (/ ' B(r)dBy(r) + M) (11.1)

where > 77 ) Azpup_p.

We note here that the above result shows that /3 —p B even in the case where A3, # 0, i.e., in
the case where z; and u; are correlated. This is very different to the regression in the stationary
setting in which endogeneity will lead to inconsistent OLS estimate for the regression coefficient.
See Phillips and Hansen (1990) for more discussion.

Phillips and Park (1988) show that in the case when {u;} and {Axz;} are independent and
uy follows an AR process, the OLS estimator B is efficient in the sense that it is asymptotically
equivalent to the GLS estimator.

Now we consider cointegration regression with additional regressors:
/ /
Yo = 2y + 2B+ ue

In the case when z; is I(0), using two step regression and similar arguments as in Section 10.6, it
is easy to show that the OLS estimator of 8 converges in distribution to the same distribution as
if there were not the additional I(0) term. If z; = ¢, a deterministic sequence as in Section 10.7,

then a similar argument show that the OLS estimator 3 for 8 has asymptotics given by

75 -5) = ( | 1 Balr) Ba(r)ar ) h (/ BBy + %)

where

By =50 - | B f(r)ar ( / 1 f(r)f(r)'dr) 7).

For a detailed discussion of the general cases, see, e.g., Phillips and Durlauf (1986) and Park and
Phillips (1988). Park and Phillips (1989) consider the case in which there are regressors that are

9© 2017-2021 by Bo Hu. All rights reserved.
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integrated of higher orders.

11.2 Spurious Regression

Let y; and x; be I(1), and let wy = (Ay, Ax}) satisfy an invariance principle. Suppose that y; is
not integrated with x4, i.e., for any choice of 8, e, = y, — x}5 is I(1). If we run an OLS regression

on

Y =B+ e

and obtain the OLS estimator B of 3, we have

5= (7}2 tz:xtx;> R (1}2 tz: :Utyt> g </01 BQ(T)BQ(T)'dr> B </01 Ba(r) By (r)dr) .

Since [ converges to something random, 5 cannot be consistent.

Note that in the spurious regression setting,

T
Z Yt — xtﬁ

'ﬂ\
ﬂ\

- 3
1 =
N OlBl(r)er—(/OlBl(r)Bg(r)’dr> </0132() > (/ Bo(r) By (r )

_ /0 "By ()

Bi(r) = By(r (/ Bo(r)Ba(r ) 1(/01B2(T)Bl(r)dr>.

Then for the t-statistic under the null hypothesis 8; = 0, we have

Il
'ﬂ‘»—x
M’ﬂ 1

-
Il

where

A~

ki
i [(shamet) ],
(fo By(r)Ba(r ),dr)_l (fol BQ(’I’)Bl(T)dr>
d
(5 Ba2ar)"™ | () Batr)Batryar)

1
ﬁt(ﬁi) =

i

This shows that the t-statistic ¢(5;) diverges to infinity as 7" goes to infinity. That is, we will always

reject the null that §; = 0 when the sample size is large enough.
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Similarly, we may want to use the F-test to test for the joint significance of . However,

pigy = Emet (EE o) ST g m
S~ St (S ert) S
Jo Bi(r)Ba(r)dr (f3 Ba(r)Bo(ryar) ™ fi Bafr) Ba(rYdr fm

BCa 1 1 -1 '
Jy Bu@)2dr = [3 By(r)Ba(rydr (i Ba(r)Ba(rydr) [ Bo(r)Bi(ryar

This shows that F'(3) diverges to infinity as T goes to infinity. That is, we will always reject the
null that 8 = 0 when the sample size is large enough, even though ¥y, and x; are not connected in

any meaningful way:.

Also,

B i1 vy (23;1 xt%) o POHREY
- Zthl yi
Jo Bi()Ba(ryar (3 Bo(r) Ba(ryar) ™ [} Ba(r)Bi(r)'dr
Jo Bu(r)2dr

R2

9

which remains random as T' — oo. Usually its value is very close to one.

Lastly, consider the Durbin-Watson statistic

T A ~
DW — thl(et — et_1)2

T -
Zt:l et2

where
T T -1
€ = Yt — <Z ytﬂﬁ’t) (Z xt%) Ty
t=1 t=1
and
T T -1
€ — €1 = Ayt - (Z yﬂi) (Z $t$;> Axy.
t=1 t=1

It can be easily seen that % Zle é? = Op(1), while = Z?zl(Aét)Q = Op(1). Note that

> ([1, —B’]wt)2 —a 7' Sun

t=1

N[ =

where

1

"7 (0 Ba)Baryar) () Batr) By ()
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and ¥, = Ew,w;. Then
T-DW —y4 M
fo By (r)2dr
This shows that as sample size gets large, the Durbin-Watson statistic gets close to zero, indicating
that there is strong positive first-order serial correlation in the residuals, which is something well
expected in the spurious regression setting.

The following is quoted from Granger and Newbold (1974), the paper that introduced the

concept of spurious regressions.

It is very common to see reported in applied econometric literature time series re-
gression equations with an apparently high degree of fit, as measured by the coefficient
of multiple correlation R? or the corrected coefficient R%, but with an estremely low
value for the Durbin-Watson statistic. We find it very curious that whereas virtually
every textbook on econometric methodology contains explicit warnings of the dangers of
autocorrelated errors, this phenomenon crops up so frequently in well-respected applied

work.

There are, in fact, as is well-known, three major consequences of autocorrelated
errors in regression analysis:
(i) Estimates of the regression coefficients are inefficient.
(ii) Forecasts based on the regression equations are sub-optimal.

(iii) The usual significance tests on the coefficients are invalid.

In such situations, Granger and Newbold (1974) propose to difference the time series before
running regressions. See also Plosser and Schwert (1978) for a discussion of possible effects of
underdifferencing and over-differencing. To be specific, if the variables are under-differenced, we
have the spurious regression problem. If the variables in the regression is over-differenced, the
coefficient estimator is still consistent, but inefficient, and the inference based on the usual ¢-
statistic is problematic. The reason is that when the model is over-differenced, the new error term,
which is the original error term first differenced, is autocorrelated. In this situation, we need to use
HAC standard errors if we would like to conduct inference based on OLS estimator, or use GLS
estimator to achieve efficiency. For the situation of spurious regression when an intercept term
is included in the regression, see Phillips (1986). Also, note that in the case when y; and z; are
cointegrated, the long-run variance matrix of w; is singular, and the asymptotics in this section

does not hold anymore. The asymptotics are given in the previous section.

11.3 Testing for Cointegration

We may test for cointegration between y, and z; by applying the unit root test to the OLS residuals

{é:} of the regression

Y =z + e
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If y; and x; are cointegrated, there exists 5 such that e; is I(0). Otherwise, e; contains a unit root

for any choice of 5. We run the augmented Dickey-Fuller test on é; through the regression

ét = O[ét_l + Z O[kAét_k + &¢.
k=1
Under the null hypothesis that y; and x; are not cointegrated, a =1

Suppose that (Ay:, Ax}) satisfies an invariance principle such that

Bi(r)

BQ(T)

[f il A
d

f Z[T’f’

with the long run covariance matrix
w1l w12
war (o2
where the long run covariance matrix is appropriately partitioned so that wy; is one-by-one dimen-

sional. It is straightforward to show that

T ] —va Bi(r) — (/OlBl(r)Bg(r)'dr> </01 BQ(T)BQ(T)’dT) 7132(7“) .= B.

Then it is easy to follow Section 10.6 to establish that

ACRE I (G 10
(T2 Zt L6 1) / (fo er) v

is a consistent estimator of the variance of &;.

t(a) =

where 62

However, it is not straightforward to get/simulate the distribution of B since By and B, are

correlated. Therefore, we write

By
Bs

wi{g\/l—(mz%}lwzl/wny w2 | [ Wi
0 Q%Q Was

where W7 and W5 are two independent Brownian motions. Then we may show that

B(r) = wﬂg\/l — (w1295 wa1 fw11)2W (1)

W(r) = (/ Wi (r)Wa(r )(/ Wa(r)Wo(r d) 1WQ(T).

where
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Then - ~
Ha) —a Jo W(r)dw (r)

(J Werppar) ™

Phillips and Ouliaris (1988) propose another test for cointegration based on the eigenvalues of

the long-run variance estimator of (Ax;, Ay;). The idea is that if x; and y; are cointegrated, then
the long-run variance matrix of its innovations should be singular.
11.4 Inference in Cointegrated Models

The problem with statistical inference in cointegrated models is that the limit distribution in
(11.1) is non-standard, and the distributions of the conventional test statistics contains nuisance
parameters. We introduce in this section two popular approaches that can be used to conduct
inference in cointegrated models.

11.4.1 Phillips and Hansen’s Fully Modified OLS

Phillips and Hansen (1990) modifies the OLS estimator in the cointegration regression. The fully
modified OLS estimator (FM-OLS) is

1 & T
Brm-oLs = (T > I‘ﬂ%) <T > - A+>
t=1 t=1
where
U =y — wiaQoy Ay,

and
+ _ A0 o —1
AT = A5 — A% Q55 war,

following the notations introduced in the earlier sections of this chapter.

Theorem 11.1. We have that

-1

T(BraroLs — B) —v (/01 32(7‘)32(7")/d7’> /01 By (r)dBi.o(r)

where B1.o = By — w129521Bg 1s independent of Bs.

Proof. Note

T -1 T
. 1 1 _
T(Brm-oLs — B) = (TQ > xtwfg) <T > " wi(up — w1995, Axy) — A+>
=1

t=1
T -1 T
1 1 1
- (TQZ%SCQ (Tthwg [_Q—l - A+>
t=1 t=1 22
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. The result follows immediately by noting

T 1
1
T2 thxg —d / Bs(r)Bs(r) dr
t=1 0

and
Jif Ba(r)dBy(r) + A3,
Jif Ba(r)dBs(r) + A,

T
= S
— TtW
T trd
t=1

11.4.2 Park’s Canonical Cointegrating Regression

Instead of modifying the OLS estimator, Park (1992) transforms the data. Define
yi =y — BASS T wy — w1y Ay

and

Jn—
zf = x; — AY Sy

where ¥ = Euguj, AS is A° partitioned as A° = [A] AS], and the rest notations are as earlier. The
canonical cointegrating regression (CCR) estimator Bccr, is defined to be the OLS estimator of
the regressing y; on zf. The CCR estimator utilizes the fact that the cointegration relationship
between two I(1) variables is unchanged by adding I(0) (i.e., stationary) components to the two
variables. The CCR error term uy = y; —zf 8 = u; — wmQQ_Ql Axy, is asymptotically independent of
{Ax;} or {Ax;}.

It can be easily proved (following the proof of asymptotic distribution of the FM-OLS estimator)
that BCCR has exactly the same asymptotic distribution as that of BFM_OLS.

In feasible FM-OLS and CCR estimator, the omega’s and lambda’s are replaced with their

consistent (and possibly nonparametric) estimators.

11.4.3 The Wald Test

To test for null hypothesis Hy : RS = r against the alternative RS # r, we apply the Wald statistic

-1

5oy (RS t) ) (R

W = —
w11 — wi28d55 wa1

where B is either BFM_OLS or ﬁCCR.
Theorem 11.2. Under the null, W —4 Xg where q is the number of restrictions.

Proof. The result follows from that under the null
T(RB — B) = TR(5 - )
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and that
1 -1 —1/2 1
(R </ BQ(T’)BQ(T)dT) R/> R/ BQ(T)dBl.Q =d N(O,wn — W1292_21WQ1).
0 0

Note that if A(r) is a deterministic process, then fol AdB =4 N (O,fo1 A(r)EA’(r)dr) if Bis a
Brownian motion with covariance Z. Since B is independent of Bjp.o, the distribution of the
above term conditioning on By is N(0, w1 — w1292_21w21). Therefore, this is also the unconditional
distribution. |

11.5 Cointegrated VAR and the Error Correction Models

We consider a vector autoregressive system in which variables contain unit roots and are possibly

cointegrated. To be specific, let {y;} be an r-dimensional VAR(p) process given by
P(L)yr =&

where ¢; ~ WN(0, X)) and
O(z) =1—P1z—--- — Dy2P.

Instead of assuming that all roots of det ®(z) = 0 lie outside the unit circle, we introduce unit
roots in this system, and assume that there are m roots that are one, 0 < m < r, and all the other
roots are outside the unit circle. Since z = 1 is a root of det ®(z) = 0, ®(1) is a reduced rank
matrix and we assume that rank ®(1) = 2.

We may write

O(z) = —20(1) + (1 — 2)I'(2)

where

[(2) =1 —®gz— - — 0,2P 1

This is the VAR written in the error correction form, which was first studied in Granger and Weiss
(1983) and Engle and Granger (1987).
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